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Abstract In the present paper using S.L. Sobolev’s method interpolation splines minimizing the semi-norm in
K, (P,) space are constructed. Explicit formulas for coefficients of interpolation splines are obtained. The obtained
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interpolation spline is exact for the functions e 2 sinTX and e 2 COSTX. Also we give some numerical
results where we showed connection between optimal quadrature formula and obtained interpolation spline in the
space K, (P,).
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1. Introduction

In order to find an approximate representation of a
function ¢ by elements of a certain finite dimensional
space, it is possible to use values of this function at some
finite set of points Xg, £ =0,1,..,N . The corresponding

problem is called the interpolation problem, and the points
Xz the interpolation nodes.

There are polynomial and spline interpolations. Now
the theory of spline interpolation is fast developing. Many
books are devoted to the theory of splines, for example,
Ahlberg et al [1], Arcangeli et al [2], Attea [3], Berlinet
and Thomas-Agnan [4], Bojanov et al [5], de Boor [7],
Eubank [9], Green and Silverman [12], Ignhatov and
Pevniy [17], Korneichuk et al [18], Laurent [19],
Mastroianni and Milovanovic [20], Nurnberger [21],
Schumaker [23], Stechkin and Subbotin [29], Vasilenko
[30], Wahba [32] and others.

Suppose the functions ¢ belong to the Hilbert space

(see [[1], Chapter 3])
K™ @,b)={¢:[a,0] = R | o™ is absolutely
continuous and o™ e L, (a,b)},

equipped with the norm

1/2
lol= U:(Lco(X))2 dXJ (1.1)

and j;(Lgo(X))Z dx < oo, where

dm m-1
L=ay(x) .dx_m+ am-1(X)-

+..+ay(x), (1.2)

dxm—l

here each a;(x) ( j=0,1,..,m) is in Cj[a,b] and

ap (x) does not vanish on [a,b]. Let L" be a formal
adjoint of L and

md”

dx™
m-1

L =(-1) {an (%)}

m-1 d
+(_1) de—l

{am-1 () 3+

—i{al(X)-}Jrao(X)-

The equality (1.1) is semi-norm and || ¢||= 0 only for a
solution of the equation Ly =0. We give definition of
generalized splines following [1, Chapter 6]. If
Ata=Xy<¥ <..<Xy =b is a mesh on [a,b], then a
generalized spline (or L -spline) of deficiency k
(0<k <m) with respect to A is a function S, (x) which
is in K2Mmk (a,b) and satisfies the differential equation

L'LS, =0
on each open mesh interval of A. The ordinary spline
(deficiency one) allows discontinuities in the (2m-1) th
derivative, but only at mesh points.

If the exact values ¢(xg) of an unknown smooth

function ¢(x) at the set of points {x5, #=0,1,..,N} in



American Journal of Numerical Analysis 108

an interval [a,b] are known, it is usual to approximate ¢
by minimizing

_[:(g(m) (x))2dx (1.3)

in the set of interpolating functions (i.e., g(xg) = ¢(xz),

£=01,.,N) of the Sobolev space L(Zm)(a,b) . Here

L(Zm) (a,b) is the Sobolev space of functions with a square
integrable m -th generalized derivative. It turns out that
the solution is a natural polynomial spline of degree
2m-1 with knots Xg,%,...,Xy called the interpolating
D™ spline for the points (Xg,9(Xg)) . In non periodic
case first this problem was investigated by Holladay [16]
for m=2 and the result of Holladay was generalized by
de Boor [6] for any m. In the Sobolev space L(zm) of

periodic functions the minimization problem of integrals
of type (1.3) was investigated by 1.J.Schoenberg [22],
M.Golomb [13], W.Freeden [10,11] and others.

We consider the Hilbert space

K, (P,)={¢:[0,1] > R | ¢"is absolutely continuous

and ¢" e L,(0,1)},

equipped with the norm

, V2
1 d
Ko(P)=1 | Po| — @) | dxp (1.9
1K (Py) {Jo[z(dxjm )| }
2
where Pz(ijzd—-i-i-i-l and
dx ) dx? dx

2
'[;[Pz (%j(o(x)j dx < oo,

The equality (1.4) is semi-norm and || ¢|=0 if and

X B ax B

-=Xx
only if p(x)=ce 2 sin7x+cze 2 cos7x.

Consider the following interpolation problem:
Problem 1. Find the function S(x)e K,(P,) which

gives minimum to the norm (1.4) and satisfies the
interpolation condition

S(Xﬁ) = (p(Xﬂ), ﬁ =0,1,..,N

for any ¢ e Ky(P,), where x5 €[0,1] are the nodes of

(1.5

interpolation.
Following [[30], p.45, Theorem 2.2] we get the analytic
representation of the interpolation spline S(x)

N 1,
S(x)= D .C,G(x—x,)+de 2 sin?x
r=0 (1.6)
1
-=x
+d,e 2 cos?x,

where C},, y=0/1,..,N, d;, d, are real numbers,

1 .3

X
. ——sin—Xx-cosh—
G0y = 39000 5 E

X
—C0S— X -Sinh—
2 2

1.7

and G(x) is a fundamental solution of the operator
44 2
—4+—2+1, i.e., is a solution of the equation
dx™  dx
G@(x)+G@ (x) +G(x) = 5(x),

here §(x) is Dirac’s delta function. It should be noted that

the rule for finding a fundamental solution of a linear
differential operator

dn dn—l

=——ty——r

an dxn_l +...+4dy,

where a; are real numbers, is given in [31, p.88]. Using

this rule, it is found the function G(x) which is a

4 2

fundamental solution of the operator —4+—2+1 and
dx™ dx

has the form (1.7).
Furthermore from [30, p.45-47] it follows that the
solution S(x) of the form (1.6) of Problem 1 is exists,

unique N =1,2,... and coefficients C;, ,

y=01,2,..,N, d;, dy of S(x) are defined by the
following system of N +3 linear equations

when

N _1y

D C,G(xg—x,)+de 2 ﬂsingx[ﬁ

r=0 (1.8)

1
2% 3

+dze 2 COS7Xﬁ :Q)(Xﬂ), ﬂ:O,l,...,N,
N ‘Exy V3
D> Ce? sin==x, =0, (1.9)
=0

=0, (1.10)

N1,
che 2 7cos£x},
7=0 2

where @ e Ky (P) .

It should be noted that systems for coefficients of D™
splines similar to the system (1.8)-(1.10) were investigated,
for example, in [2,8,17,19,30].

The main aim of the present paper is to solve Problem 1,
i.e., to solve the system (8)-(10) for equal spaced nodes
Xg = hg, p=01,.,N, h=1/N, N=1,2,... and to
find analytic formula for coefficients C,, v=0,1,..,N, d;
and d, of S(x).

The rest of the paper is organized as follows: in section
2 we give the algorithm for solution of system (1.8)-(2.10)
when the nodes X are equal spaced. Using this algorithm
coefficients of the interpolation spline S(x) are computed

in section 3. In section 4 some numerical results are
presented.
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2. The Algorithm for Computation of
Coefficients of Interpolation Splines

In the present section we give the algorithm for solution
of system (1.8)-(1.10) when the nodes Xp are equal
spaced. Here we use similar method suggested by S.L.
Sobolev [26,28] for finding the coefficients of optimal
quadrature formulas in the space L(Zm). Below mainly is

used the concept of discrete argument functions and
operations on them. The theory of discrete argument
functions is given in [27,28]. For completeness we give
some definitions about functions of discrete argument.
Assume that the nodes x; are equal spaced, i.e.,

_ _1 _
Xp=hp, h=o N=12,..

Definition 2.1. The function ¢(hg) is a function of

discrete argument if it is given on some set of integer
values of S

Definition 2.2. The inner product of two discrete
functions @(hpB) and w(hpg) is given by

[pthB)w(hB)]= 3. p(hB)-w(hp),
p=—x

if the series on the right hand side of the last equality
converges absolutely.
Definition 2.3. The convolution of two functions ¢(hg)

and w(hp) is the inner product

p(hB)*w(hB)= D o(hy)-w(hB-hy).

y=—o0

Now we turn to our problem.
Suppose that Cp=0 when <0 and >N . Using

above mentioned definitions, we rewrite the system (1.8)-
(1.10) in the convolution form

1
G(hp)*Cy +d1e_§(hﬂ)sin£(hﬁ)+
. 2 (2.1)
+d2e7(hﬁ) cos?(hﬁ) =phf), S=01,.N,
N 1
>.Cge 2(hﬂ)sinﬁ(hﬁ) =0, (2.2)
f=0 2
N 1
> Cpe kg cos?(hﬂ) =0. (2.3
£=0

Thus we have the following problem.
Problem 2. Find the discrete function C4, #=0,1,..,N

and unknown constants d;, d, which satisfy the system
(2.1)-(2.3).

Further we investigate Problem 2 which is equivalent to
Problem 1. Instead of Cg we introduce the following

functions

v(hp) =G(hB)*Cy, (2.4)

1
u(hp) =v(hﬂ)+d1e_§(hﬁ)sin£(hﬁ)+

2
. 5 J (2.5)

—-(hp)
+d,e 2 cos;(hﬁ).

In such statement it is necessary to express the
coefficients C4 by the function u(hg). For this we have

to construct such operator D(hg) which satisfies the
equality

D(hB)*G(hp) = 5(hp), (2.6)

where 5(hp) is equal to 0 when g =0 and is equal to 1
when B =0, i.e., 5(hp) is the discrete delta-function. In
connection with this the discrete analogue D(hp) of the

4 2
operator —4+d—2+1, which satisfies equation (2.6) is
dx™  dx
constructed in [14] and its some properties were

investigated. Following in [14] we have:
Theorem 2.1. The discrete analogue of the differential
4 2

operator %+%+1 satisfying the equation.(2.6) has
X X
the form
A2,
D(hpB) = K{1+ A, | A1=1, 2.7
A -
C+/11, S =0,
where K = I 7 hl N o
ﬁsm(Th)~cosh(§)—cos(7h)-smh(§)
_ 3 h
C= —p—4cos(7h)cosh(§),
~ sinh(h)—%sin(\@h)
1. 3 h V3. o h
ﬁsm(T h)-cosh(E)—cos(7h)~smh(§)
_ Py(h)
A= ar

P () = A — 448 cos(? h) cosh(g) +2(1+cos(+/3h)

B3

+cosh(h)) A2 — 44 005(73 h) cosh(g) +1

(2.8

and
3 3
cosz(£ h) sinz(£ h)
sin(x/3h) —v/3 sinh(h) + 2 2
2 h .2 h
—cosh“(—) || =3sinh“(—)
b= 2 22 (2.9

7

2(sin(£ h) cosh(h) - \/5 cos(—3 h) sinh(h))
2 2 2 2
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is a zero of the polynomial
Q,(1) = A2 - pa+1,

and | 4 |[<1 and h is a small parameter.
Theorema 2.2. The discrete analogue D(hg) of the

4 2
differential operator —-+——+1 satisfies the following
dx*  dx?
equalities:
1) D(hp)*e 2 J—(hﬁ) 0,
2) D(hp)*e 2 J—(hﬁ) 0,
3) D(hﬁ)*e2 I(h/)’) 0,
1
4) D(hﬁ)*eE(hﬁ : cosg(hﬂ) =0,

5) D(hB)*G(hp)=5(hp).

Here G(hpg) is the function of discrete argument,
corresponding to the function G(x) defined by (1.7) and
6(hp) is the discrete delta function.

Then taking into account (2.5), (2.6) and Theorems 2.1
and 2.2, for the coefficients we have

Cp = D(hp)*u(hp).

Thus if we find the function u(hg) then the
coefficients Cp can be obtained from equality (10). In

(2.10)

order to calculate the convolution (2.10) we need a
representation of the function u(hg) for all integer values

of B . From equality (2.1) we get that u(hg) = ¢(hg)
when hg €[0,1]. Now we need to find a representation of
the function u(hg) when g<0 and S>N . Since
Cz =0 when hp ¢[0,1] then Cz = D(hg)*u(hp) =0,
hg«[0,1]. Now we calculate the

v(hp) =G(hp)*Cp when S<0 and B2 N.

convolution

Suppose S <0 then taking into account equalities (1.7),

(2.2), (2.3), we have

v(hp)= >, C,G(hp-hy)

NG

Denoting

NI

by = 1
+ZC e2 " sin
=0

1
Zhy
C,e2 cos—h;/
72 >c,

e

7

@

3

1
h
ﬂcos—hﬂ.

N

N

+ZC e2 cos—h

7=0

1y,
-— ZC g2 sm—hy

7=0

110

}/:_
N sign(hg—hy) 1 _ /3 hg—hy
=S¢, VW~ 6in X2 (hg - hy)-cosh—2—2L
72::()7 > (ﬁ3|n2(ﬁ 7)-cos 5
—cosﬁ(hﬁ—hy)-sinh hp—hy,
2 2
_ . _
“hy
}ZC e2 COS£h}/ L
~Zh
:—% r=0 e 2 ﬂsin?hﬂ
Ly
+ZC},e2 ysin%hy
=0

we get for <0

1 1
~>hp —hp
v(hpB) = -be 2 sinéhﬂ—bze 2 cos?h/}

and for >N

Na

1
~~h
ﬁsin7hﬂ+b2e 2"

Na

v(hp) =be 2 cos~>hp.

Now, setting
dy =dy-hy,
df =dy +by,

we have the following problem:
Problem 3. Find the solution of the equation

D(hp)*u(hp) =0, hp¢[0.1]

in the form:

dy =dy-by,
d; :d2 +b2

(2.11)

u(hp) = 0<B<N, (2.12)

,Ehﬂ . \/5

die 2 sm7h/3

h
ﬁcos%hﬂ,

B=N.

+dye 2

where d; , d;, di", d; are unknown coefficients.
It is clear that

d; :%(df +dp ). dp = (2.13)
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These unknowns d; , d , dif, dJ can be found from I J3
equati . . dy (€2 cos—(h+1)— A4 cos~—)
quation (2.11), using the function D(hg) . Then the 2 2
explicit form of the function u(hp) and coefficients Cj, & 1 Ne Ne

~h
+e2 sin Y2 _ No
dy, d, can be found. Thus Problem 3 and respectively +0p (e° sin 2 (h+1)—-Asin—>)

Problems 2 and 1 can be solved. Ny = h+1 h Ne h - 32)
In the next section we realize this algorithm for e? (Afe 2 Zﬂicos h+e2)

computation of coefficients C5, #=0,1,..,N, d; and

d, of the interpolation spline (1.6) forany N =1,2,.... dif, di, d3, d; are defined by (3.3), (3.7).

Proof. First we find the expressions for d; and d .
3. Computation of Coefficients of From(2.12)when f=0and f=N we get

Interpolation Spline (1.6) 1
- e2 3
In this section using the algorithm which is given in d; =9(0), d; =——=¢(1)-d{ tan—. (3.3)
) X o 3 J3 2
Section 2 we obtain explicit formulas for coefficients of cos—
interpolation spline (1.6) which is the solution of Problem 2
1.

- g+
It should be noted that the interpolation spline (1.6) Now we have 2 unknowns dy", dy". These unknowns we

which is the solution of Problem 1 is exact for the  find from (2.11) when g =-1and g=N+1.
1 1 NG Taking into account (2.12) and Definition 2.3 from

—Zx -
functions e 2 sin?x and e 2 cos—x (2.11) we have

The following holds ey J3
Theorem 3.1. Coefficients of interpolation spline (1.6) -1 dye ? S'nThV
which minimizes the norm (1.4) with equal spaced nodes Z D(hg—hy)
H 1 =—00 —7h
in the space K, (P,) have the following form 7 +dye 2 ycos@(hy)
1
h 3 N
(p(h)—dl_ez sin—nh + D(hﬂ—h
re(hy)
Co=KCp(O)+K| 2 Eo
_ Eh \/§ 1
+d,e2 cos—nh ~=hy 3
2 » die 2 sin7h7
KA |, N + >, D(hg—hy) ) =0,
+—= p(hy)+ Mg+ 47Ny |, =N+ ->h
Z LZ:;')/H T +dye 2 ycos%hy
C4 = KCo(hp) + Klp(h(5 ~1)) +p(h( +1))] where <0 and #> N .
KA | S 5 5 N_p Hence for g =-1, #=N+1, taking into account (3.3)
+T[Z%)ﬂl o)+ My + 477Ny |, and (2.7), after some calculations we obtain
}/:
B=12,..N-1, Biidy +Bppdf =Ty,
—E(l+h) \/5 BZldl_ + BZde— = T2’
p(h(N 1)) +d;’e 2 sin7(1+ h) where
Cyn = KCo(1)+K . .
—=(1+h) —=h
+dje 2 cos%(uh) By = A 2 S"‘?hv
N 1
—=(1+h
[Z T p(hy)+ 2 My + Nl:l1 e 2 )sinfh
}/= B]_Z = ,\/§ ’
dy=2(df +d7), dy=(df +d; N
——(1+1) 2—5(2+ 2), . (3.4)
=h
where p, A, C and 4, are defined by (2.8), (2.9), B,y = ﬂl'\”lez sin%h,
1 1
Lh
ﬂlez [d5 (cos\/§h ﬂieZ )—dy S|n£h] ﬂiez 1)sinﬁh
M = - ,(3.1) By = 2
2,h oh 3 V3
e —2),e2 0057h+1 €S-
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1
——h N
T, = (A2e " =24 2 COS§h+1)z/117¢(h7/)
7=0
,Eh \/g
+(4e 2 cos7h—1)<p(0)
N+1 =3 e
A e 2 (0057(h+1)—/11e 2 cos—)
+ 1),
Ne (1)

Cos——
2

N, ,2.h sh 3 N
T, =2 (Afe" —24e2 cos—2 h+1) > 4 7 o(hy)
7=0

1 1
eEh (cos% h-— ﬂieih )o(0)

ARG J3

/lleEh cos—3(h +1)—cos
2 7 o (D).

Cos——
2

4N (3.6)

+

Hence we get

o = 1182 —ToBip

B11B22 — B12Byy

o = ToBiy —TiBy

B11B22 —B12Bx

Combaining (2.13), (3.3) and (3.7) we obtain d; and
d, which are given in the statement of Theorem 3.1.

Now we calculate the coefficients C4, #=0,1,..,N.

Taking into account (2.12) from (2.10) for C 5 we have

3.7

Cp =D(hB)*u(hp)= 3 D(hB-hyu(hy)

y==o0
lh}, \/§
o —d;e2 " sin—hy
=ypMshy)| 2
=1 ~h
’ +dye? ’ cos?hy

N o0
+ 2 D(hB—=hy)p(hy)+ > D(h(N +7) —hp)

y=0 7=l

1
—Z(1+hy)
dife 2 ’ sm?(ﬁhy)

1
—Z(1+hy)
+dye 2 ’ cos?(hhy)

From here using (2.7), taking into account notations (3.1),
(3.2) when p=0,1,.,N for Cp we get expressions

which are given in the statemant of Theorem 3.1.
Theorem 3.1 is proved.

4. Numerical Results

As numerical examples we consider the following
functions

(3.5)

Figure 4.2. Graphs of the absolute errors for
oy =S(e, X) [, D) | @, —=S(p;,X) [, ) | 93 —S(p5,X%) |

1
P (x) =€, @y (x) =tan(x), g3(x) = ——-.
1+x

Applying the interpolation spline (1.6) to the functions

@1, ¢, and g@g, using Theorem 3.1 with N =5,10 we

get corresponding interpolation splines denoted by

S(¢1,X) ., S(@p,x) and S(gs,x) . Graphs of absolute

errors between functions and corresponding interpolation
splines are displayed in the Figure 4.1 and Figure 4.2.

a)

5 1.1)
0.0131 N o002s I
] i [
] | 0020 [
0.010/ [ [
] [l oos f |
1 |
o I
0.0051/ [ | oo | |
i\ [\ | oo AV
i Vs o~ | — —~
0 . e : 4 [ e e
0 02 04 06 08 1 0 02 04 06 08 1
X X
c)
0.0020 ." |
1
1
0.0015/ 'I
|
u.omo| ".
| | .I:
0.0005 TAY [
0o !
i AP, |4

0 02 04 06 08 1
.

Figure 4.1. Graphs of the absolute errors for N =5:a) |, —S(¢;, %) |,
b) @, =S(9,, %) . €) | 93 —S(03. %) |.

ll', 0.0074 A

|

0.003 | | 0.006 | |

/| 0.005 I

0.002 J | 0.004 I

0 | 0.003 [
0.0014 '.I Al | 0.002 Al
| i '.J | 0.001 i
NEAVE Y o A |

0 02 04 06 08 1 0 02 04 06 08 1

&

c)
0.0005 |f'|

0.0004 4 |

[ |
0.0003 | |
0.0002 |

0.0001 |/} I

A~ N Al

0 - ~ |

0 02 04 06 08 1
X

N=10 : a)

In Figure 4.1, Figure 4.2 one can see that by increasing

values of N the absolute errors between interpolation
splines and given functions are decreasing.

It should be noted that in [15] the optimal quadrature

formula of the following form

j:q)(x)dx ~ ic L0(X,), (4.1)
=0

was constructed in the space K,(P,) and the following
was proved
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Theorem 4.1 (Theorem 7 of [15]). The coefficients of
the optimal quadrature formulas in the sense of Sard of
the form (4.1) in the space K,(P,) are

S|n£h fcos\/gh «/_e 31(,1’\‘2 +1)

7 7

25in— 25|n—h N1
) , NGl +1)

CO:

1y
e 2 (4-H('*-1)
N +1)(1sin*/2§h+sinh2)

J3
3 \/gh\/g

h
2(cosh——cos—nh) sinh——sin—~h
2 2

1 3. . h _B.1 3

—=sin—h+sinh— sm—h(—sm—h+sinhh)
2 2 2

NE V3

C,B:

1,
Alﬂ (2 - 2&1e2 cos\zf
1
+ NP (a2e - Zﬂ,leZh cos[h+1)
x - , f=1,N-1,
N ~h
221(4 +1)e?
_sm\th \/_cos\2fh J_eZ ﬂi(ﬂiN 2,19
V3

Zsin7 25|n£h(ﬂiN +1)

h+e)

CN:

1
~h
e (4 -H( *-1)
N 1) Lsin Y3 hsinh D
J32 2
where 4, is given in Theorem 2.1 and | 4, [<1.
In [15] in numerical results were considered the
functions ¢, (x), @,(X), ¢,(X) and  corresponding
integrals

+

| = j:exdx = e—1=1.718281828459045. ..

J= I:tan xdx = —log(cos1)
=0.6156264703860142... ,
11
K=
-[ 014 x?
Applying the optimal quadrature formula (4.1), with
N =10,100,1000, to the previous integrals were obtained

their approximate values denoted by I, J,, and K

respectively. The corresponding absolute errors are
displayed in Table 4.1 (Table 4.1 of [15]). Numbers in
parentheses indicate decimal exponents. Now applying the
interpolation spline (1.6), with N =10,100,1000 to the

functions ¢, (x), @, (X), @,(X) using Theorem 3.1 we get
corresponding interpolation splines S(¢,,x), S(¢,,x) and
S(¢,,X) . Further integrating of the differences

dx = 0.7853981633974483....

@ (%)= S(@, %), @,(X) —S(@,,X), 9;(X) — S (5, X)

Table 4.1. Absolute errors of quadrature approximations I, J, K,

N lIn =1 [ In=J| |Kn =K
10 2.642(-4) 3.767(-4) 1.356(-5)

100 2.679(-7) 3.987(-7) 1.214(-8)
1000 2.683(-10) 4.004(-10) 1.201(-11)

and taking their absolute values we get the results of the
Table 4.1, i.e.

| [ 0.0~ S (g X |=l 1, ~ 11,
|[[(2.00-S(@ ) dx =19, - 3,

| [ (.0~ S(@ ) =] Ky, K .

Thus, we conclude that by integrating the interpolation
spline of the form (1.6) which minimize the norm (1.4) in
the space K,(P,) we obtain optimal quadrature formula

in the sense of Sard of the form (4.1) in the same space.
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