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Abstract This paper presents a geometric parameterization technique for the continuation power flow that allows
the complete tracing of P-V curves and the calculation of the maximum loading point of power systems, without
singularity problems of Jacobian matrix (J). The technique will be started from the "flat start", i.e., the voltage
magnitude of all the buses PQ are placed in 1.0 p.u. and the angle bus voltage of all the buses are placed at 0º (zero
degree). To eliminate the singularity has been added to the equation of a line passing through a point in the plane
determined by the variable load factor and the sum of all the bus voltage magnitudes. The results obtained with the
technique to ill-conditioned systems (11 buses), IEEE test systems (300 buses) and the 638-bus system
corresponding to part of South-Southeast Brazilian system, improve the characteristics of the conventional method
and extend the convergence region around the singularity.
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1. Introduction
The data from the National System Operator (NSO) [1]
consider as one of the Brazilian scenarios, an average rate
of annual growth of Gross Domestic Product (GDP) of
5.0% for the five year period 2011-2015, which
representing an annual growth load rate for the same
period equivalent to same 5.0% [1]. Forecast like this
leads to the need to build new hydroelectric dam, as well
as interconnections between the various subsystems. However,
environmental problems, and especially in Brazil, the
great distances between the load centers and hydroelectric
dam and the systems presenting high compensation, make
and will make the system operate close to its safety limits.
These safety limits are associated with the voltage stability
which is related to the lack of support of reactive power
necessary to maintain a satisfactory voltage profile for the
electric power system [2].
The conditions described in the previous paragraph are
not related only to Brazil, but in general, the whole world.
Thus, companies connected to sector, and research
institutions (public and private universities, and others),
have struggled to develop work related to voltage stability
problem. These works aim to provide conditions for the
steps of planning and operation of an electric power
system, are defined the voltage stability margins (loading
margin) and the control measures required for the normal
conditions system operation (base case) and to the different
conditions of contingencies that may eventually occur [3].

In Matarucco et al. [3], an alternative methodology was
presented for static contingency analyses that only use
continuation methods and thus provides an accurate
determination of the loading margin. Rather than starting
from the base case operating point, the proposed continuation
power flow obtains the post-contingency loading margins
starting from the maximum loading and using a bus
voltage magnitude as a parameter. The branch selected for
the contingency evaluation is parameterized using a
scaling factor, which allows its gradual removal and
assures the continuation power flow convergence for the
cases where the method would diverge for the complete
transmission line or transformer removal.
An electrical power system is exposed to the occurrence
of a large number of contingencies. Thus, before the
voltage stability analysis, is carried out the selection and
ordering of contingencies according to the impact they
cause to the system, thereby reducing the computational
time of the analysis.
In the assessment of voltage stability where should
trace P-V and Q-V curves for each contingency, static
analysis methods are used, as the load flow method and
continuation power flow, which must be efficient and
reliable in order to meet the requirements needed for
applications in planning stage and operation in real-time.
This paper presents a geometric parameterization
technique which was previously initialized in [4], which
aims to get the complete tracing of P-V curves and get the
maximum loading point (MLP) and subsequently presented
in this paper, assessing the voltage stability margin of ill-
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conditioned power system (networks whose models
resulting in systems of equations difficult to solve [5,6])
and started from the "flat start" (voltage magnitude of all
the buses PQ are placed in 1.0 p.u. and the angle bus
voltage of all the buses are placed at 0º (zero degree)).

2. Ill-Conditioned Systems and Flat Start
According to [5], are called ill-conditioned systems all
those who, with loading within the feasible region, have
no solution using the conventional load flow. This name is
given both the systems close to the voltage stability limit
as for systems away from this, provided that present
problems of convergence during the iterative process [7].
In [8], however, the author calls attention to
mathematical definition of ill-conditioning. According to
[9], the matrix is considered ill-conditioned if your
condition number is large enough. The condition number
corresponds to the ratio between the largest and the
smallest eigenvalues of the matrix J [8,9]:

condition number ( J ) =

σ max (J )
σ min (J )

(1)

In the load flow problem, the matrix of interest is the
Jacobian. As a high value of condition number is
associated with small singular values and/or eigenvalues,
and the voltage collapse is associated with small eigenvalues,
the author states that ill-conditioning is voltage stability
problem.
As a priori, does not know the system to be studied and
most ill-conditioned systems have loading margin lower
than base case, it was decided to start the method from
default values "flat start" (all voltages in load buses
initialized with unitary module and zero phase angle).

3. Continuation Power Flow
The proposed continuation power flow consist to find a
continuation power flow solution for a given load change
condition.
The goal of the method is to trace the buses voltage
profiles from a known initial solution (base case) and
using a predictor corrector scheme find solutions
subsequent to the maximum loading point. This process
can be obtained voltage stability margin, and additional
information about the voltage behavior of the system
buses with the increased of the loading level.
In general, the power flow equations for the system can
be written as:

G (θ , V, λ) =0

(2)

where G is a vector composed by balance equations of
nodal real and reactive power. The equation (2) can be
written as:

ΔP = λPesp − P (θ,V ) =0
ΔP = λQesp − Q(θ,V ) = 0
where

=
λ Pesp  Pgen ( λ ) − Pload ( λ )  ,

(3)

sp
λ Qesp =Qgen − Qload ( λ )  , Pload ( λ ) =λk pl Pload
sp
Qload ( λ ) =λk ql Qsp
load , and Pgen ( λ ) =λk pg Pgen .
sp
sp
, Qsp
Pload
load and Pgen are specified values at base case

(λ=1) for real and reactive power of PQ buses and real
power for PV buses, respectively. The symbols kpg, kpl
and kql are pre-specified parameters used to adjust a
specific loading scenario, describing the rate of changing
of real power (Pgen) for generation buses (PV buses), and
real (P) and reactive (Q) power for load buses (PQ buses).
Therefore, it is possible to apply an individual loading
variation, for a single bus or for a selected group of buses,
considering different power factors (from the base case
values) for the buses.
Traditionally, however, it is assumed that the increased
load of a certain area is done with a constant power factor
and proportional to the loading of the base case with
constant power load model, this provides the most secure
operating condition for the system [10,11].
To obtaining of P-V curves, the addition of
parameterized equations in the equations system (3) has
been a standard procedure [12]. In a general way, the
equation to be added can be placed in the following form:

(

)

R ( y , λ , α , β ) = α (λ − λ 0 ) − β [ y ] −  y 0  = 0
 

(4)

where α and β are angular coefficients that defining the
line to be used, and [y] is the scalar measure of the vector
y=[y1,...,yn]T, which can be chosen from various forms:
[12]
[y]= yk where k is any of the indexes1≤ k ≤n;

|| y ||3 =
( y1 + y2 + ... + yn ) =∑ yk
[y ] =

(5)

The first form is among local parameterization
techniques [12,13,14,15,16], whereas the second is an
example of the global parameterization [4] and [17,18,19,20].
In the method proposed in [15], the process starts by
using λ as parameter, then α=1 and β=0 and when [y] is
the parameter, α=0 and β=1.
In this work it is considered [y] = ||y||3 =Σyk, where y is
the vector of nodal voltage magnitudes (V), i.e., sum of
nodal voltage magnitudes of all buses of the system. The
parameter α is the angular coefficient of the line passing
through a chosen point "O" (λ0, Σyk0) in the plane formed
by the λ and Σyk variables. In this case β =1 was chosen.
By adding this equation, λ can be treated as a dependent
variable and α is regarded as an independent variable, that
is, it is chosen as a continuation parameter. Then, the
number of unknowns is equal to the number of equations
and, while the system of equations is linearly independent,
the necessary condition for solvability is attained.
Thus, with the solution of the base case (θ1, V1 and λ1 )
the value of α is calculated from the initial chosen point
“O” (λ0, Σyk 0) and their respective values obtained in the
base case “P” (λ1, Σyk 1)

α 1 = ( ∑ yk 1 − ∑ yk 0 ) / ( λ 1 − λ 0 )

(6)

For α =α1–∆α, the solution of the new system of
equations formed by (3) and (4) will provide a new
operation point (θ2, V2 and λ2) corresponding to the
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intersection of the solution trajectory (λ-Σyk curve) with
the line whose new angular coefficient value (α1–∆α) was
specified. For α = α1, the converged solution should
provide λ=1.
By expanding (3) augmented by (4);

ΔP = λPesp − P (θ,V ) =0
ΔP = λQesp − Q(θ,V ) = 0
R (y ,λ , α,β )=α( λ − λ 0 ) − β (

shown in Figure 2. Figure 1 is also used to illustrate the
procedure shown in the flowchart, Figure 1(a) is shown all
tracing of λ−Σyk curve using the flowchart of Figure 2. In
Figure 1(b) shows the region around MLP enlarged
showing the set of line that belongs to midpoint (MP).

(7)

∑ yk − ∑ yk

0

)=0

in the Taylor series up to the first order terms, considering
the preset value of α, yields

 J
−  ∂R

 ∂x

Gλ 
 ∆x   ∆G 
  ∆x  =
 ∆λ  −J m  ∆λ  =
 ∆R  ,

α  






(8)

where x=[θT VT]T, J is the Jacobian matrix, Jm is the
modified Jacobian matrix and Gλ corresponds to the
partial derivatives of G with respect to λ. ∆G and ∆R
denote the respective function mismatches of new system
of equations. It should be noted that the mismatches
would be equal to zero (or close to zero, e.g., below the
adopted tolerance) for the base case PF solution. Thus,
only ∆R will be different from zero due to the change in α,
e.g., due to its ∆α decrease. To obtain the lower part of the
λ-Σyk curve, is considered (αi + ∆α).

Figure 1. Performance of the method, (a) λ−Σyk curve, (b) region around
MLP enlarged

3.1. Flowchart of the Method for the Tracing
of P-V Curve
For a better understanding of the general procedure for
changing the set of lines, it was defined a flowchart as

3

Figure 2. Flowchart of the method using the λ−Σyk plan
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4. Results
This Section discusses the results of applying of the
method to the ill-conditioned system (11 buses) and the
IEEE system (300 buses). For all simulations the power
mismatch convergence threshold was 10–4 p.u., and the
values adopted for maximum number of iteration was 10,
respectively. Upper and lower tap limits of, respectively,
1.05 and 0.95 were adopted. The loads were modeled as
constant power and the parameter λ was used to simulate
the real and reactive load increment, considering a
constant power factor. The increase in load was followed
by a generation increase using λ. The tap adjustment in the
on load-tap changers (OLTC) transformers consisted of
including the tap position as a dependent variable,
whereas the controlled bus voltage magnitude was
considered as an independent variable. The method of
accounting for Q-limit at PV buses and tap limits is the
same as in conventional PF methods. At every iteration
the reactive generations at all PV buses are compared to
their respective limits. In case of violation, a PV bus is
switched to type PQ. This bus can be switched back to PV
in future iterations. Tap limit violations are also checked.

Figure 3. Diagram of the 11 bus system

4.1. Performance of the Method for the 11
Bus System
This case is reported as ill-conditioned [21] since it was
found divergent with the Newton method. The system
contains 11 buses and 11 branches, as shown in Table 1
and Table 2. The Figure 1 shows the diagram of the 11
bus system.

Bus
1
2
3
4
5
6
7
8
9
10
11

type
slack
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ

Table 1. Data of the bus
V(p.u.)
P(MW)
Q(MVAr)
θ
1.024
0.0
1
0.0
1
0.0
12.8
6.2
1
0.0
1
0.0
16.5
8.0
1
0.0
9.0
6.8
1
0.0
1
0.0
1
0.0
2.6
0.9
1
0.0
1
0.0
15.8
5.7

From

To

Table 2. Data of the branches
r
x
B shunt

1
1
4
4
7
8
10
2
3
3
2
2
4
8

2
2
5
6
8
9
11
3
5
5
4
4
7
10

0.258
0.105
0.476
0.018
0.258
0.950
0.350
0.154
0.346
0.364
0.084
0.078
0.812
0.560

0.193
0.095
0.035
0.296
0.198
0.098
0.059
0.611
0.410

0.002

0.0002
0.0002
0.0005
0.0006
0.0065
0.0042

B shunt

0.044

tap
0.94
0.95
0.965
0.98
0.84
0.76
0.76

Figure 4. Performance of the method for the 11 bus system with ∆α =
1.0: (a) Σyk in function of λ (proposed method), (b) P-V curves (stored
points), (c) number of iterations

The Figure 4 shows the results obtained for an illconditioned system of 11 buses, the same system shown in
[21]. All the taps of the system were changed to the
nominal position, i.e., equal to 1 p.u. The step (∆α)
adopted for the angular coefficient of the set of lines
located in the plane λ-Σyk was kept fixed during the
tracing of the P-V curve, ∆α = 1.0, Figure 4(a). The
angular coefficient α1= 0.0, because Σyk 1 = Σyk 0 in the
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“flat start”. A Figure 4(b) shows the respective points (red
points) of the critical bus (V11) stored by the method
during the obtaining of the λ−Σyk curve of Figure 4(a).
The number of iterations can be seen in Figure 4(c).
In the Figure 5 presents the results of the same system
of 11 buses with step reduction, i.e., ∆α = 1/10. A Figure
5(b) shows the respective points (red points) of the critical
bus (V11) and of the bus 8 (blue points) stored by the
method during the obtaining of the λ−Σyk curve. The
Figure 5(c) presents the number of iterations. The value of
the MLP of critical bus was (λ, V11) = (0.69949, 0.56639
p.u.) with reduction step and with step equal ∆α = 1.0, the
value was (λ, V11) = (0.6896, 0.64428 p.u.), what is to be
expected. The point “P” (λ1, Σyk 1) to the “flat start” was
obtained with 3 iterations.

5

coordinates with those of the MLP. Therefore, despite
using the same step size during the whole curve tracing,
the method automatically provides a larger number of
points in the MLP region. This fact is interesting for systems
with these characteristics because it indirectly enables a
more precise calculation of the value of the loading margin
without requiring a special strategy for the reduction of
the step size (∆α).For these systems, whose the λ−Σyk
curves exhibit a behavior similar the parables, the method
remained restricted until the point * of the flowchart.

Figure 5. Performance of the method for the 11 bus system with step
reduction, ∆α = 0.1: (a) Σyk in function of λ (proposed method), (b) P-V
curves (stored points), (c) number of iterations

4.2. Performance of the Method for Large
Systems
For large systems, whose the λ−Σyk curves presents
characteristic as of the IEEE-300 bus system, seen in
Figure 6, and whose the complete flowchart is used, the
method shows the additional advantage of computing a
larger number of operating points around the MLP. This
occurs naturally due to the proximity of the MP

Figure 6. Performance of the method for the IEEE-300 bus system with
∆α = 1.0 fixed: (a) Σyk in function of λ (proposed method), (b) details of
the tracing process of the MLP region, (c) P-V curve of the critical bus
(stored points), (d) number of iterations
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The Figure 6(a) presents the obtaining of the λ-Σyk
curve. The step (∆α) adopted for the angular coefficient of
the set of lines located in the plane λ-Σyk was kept fixed
during the tracing of the all P-V curve, ∆α = 1.0. The
angular coefficient α1= 0.0, because Σyk 1 = Σyk 0 in the
“flat start”. The point “P” (λ1, Σyk 1) to the “flat start” was
obtained with 3 iterations, details of the tracing process of
the MLP region can be seen in Figure 6(b). The Figure 6(c)
shows the respective points (red points) of the critical bus
(V526) stored by the method during the obtaining of the
λ−Σyk curve of Figure 6(a). The value of the MLP of
critical bus was (λ, V526) = (1.05528, 0.72855 p.u.). The
number of iterations can be seen in Figure 6(b).

The Figure 7(a) shows the performance of the method
for the IEEE-300 bus system with duplicate step, ∆α = 2.0
fixed, P-V curve of the critical bus (stored points) with
duplicate step is presented. The value of the MLP was (λ,
V526) = (1.05709, 0.72699 p.u.) and the number of
iterations can be seen in Figure 7(b).
Figure 8 shows the 638-bus system with the outage of
the transmission line between the buses 147 and 149. In
Figure 8(a) shows the tracing of the λ-Σyk curve of postcontingency of the system. Figure 8(b) shows details of
the tracing process of the MLP region. The number of
iterations can be seen in Figure 8(c).

5. Conclusion

Figure 7. Performance of the method for the IEEE-300 bus system with
duplicate step, ∆α = 2.0 fixed: (a) P-V curve of the critical bus (stored
points) with duplicate step, (b) number of iterations

As a priori, does not know the system to be studied and
most ill-conditioned systems have loading margin lower
than base case and the Newton method fail to obtain the
point “P”, it was decided to start the method from default
values "flat start" (all voltages in load buses initialized
with unitary module and zero phase angle). To all tests
realized the method obtained the "P" point and the
complete tracing of the P-V curve without numerical
problems related the Jacobian matrix (J).
Another important factor is related to contingency in
the system. Very often a severe contingency leads to a
contraction of the P-V curve with negative loading margins.
With this methodology it is possible to obtain the postcontingency curve of these systems.
In terms of performance, the change of set of lines
coordinates to the midpoint causes an automatic step size
control around the MLP.
The results obtained with the technique to illconditioned systems (11 buses), IEEE test systems (300 buses)
and the 638-bus system corresponding to part of SouthSoutheast Brazilian system, improved the characteristics
of the conventional method and extended the convergence
region around the singularity.
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