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1. Introduction

In this paper we consider one of the sequences of
positive integers satisfying a recurrence relation and we
give some well-known identities for this type of sequences
[9]. One of the sequences of positive integers (also
defined recursively) that have been studied over several
years is the well-known Fibonacci (and Lucas) sequence.
Many papers are dedicated to Fibonacci sequence,
such as the works of Hoggatt in [10], and Koshy in
[11], among others. Others sequences satisfying a
second-order recurrence relations are the main topic
of the research for several authors, such as the studies
of the sequences {J,},cn and {j,},cn of Jacobsthal and

Jacobsthal-Lucas numbers, respectively.

In this paper we do not have such kind of generalization,
but we will follow closely some of these studies. About
the Mersenne sequence, also some studies about this
sequence have been published, such as the work of Koshy
[12], where the authors investigate some divisibility
properties of Catalan numbers with Mersenne numbers
Mk as their subscripts, developing their work in [12]. In
number theory, recall that a Mersenne number of order n,

denoted by Mn, is a number of the form 2" —1, where n is
a nonnegative number. This identity is called as the Binet
formula for Mersenne sequence and it comes from the fact
that the Mersenne numbers can also be defined recursively by

M, =2M, +1, (1.1

with initial conditions M =0, M; =1. Since this recurrence

is inhomogeneous, substituting » by n+1, we obtain the
new form

M,.»=2M,  +1, (1.2)
Subtracting (1.1) to (1.2), we have that
My =My =2M )y +1-2M ), +1)
and then
M, =3M,-2M,,
other form for the recurrence relation of Mersenne
sequence, with initial conditions My =0, M =1. The
roots of the respective characteristic equation
7P —3r+2= 0,

are

n=landn =2,
and we easily get the Binet formula

M, =2"-1.

The main purpose of this paper is to present some
results involving the Mersenne numbers using define a

new useful operator denoted by 5;}72 for which we can

formulate, extend and prove new results based on our
previous ones [1,3,4]. In order to determine generating
functions of the product of Mersenne numbers and
Chebychev polynomials of first and second kind, we
combine between our indicated past techniques and these
presented polishing approaches.
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2. Definitions and Some Properties

In order to render the work self-contained we give the
necessary preliminaries tools; we recall some definitions
and results.

Definitionl. [6] Let B and P be any two alphabets. We
define S, (B—P) by the following form

= iS}’l(B_P)tn,

n=0

Hng(l_pl)

—— (2.1)
Hpep(1-01)

with the condition S, (B—P)=0 for n<0.
Equation (2.1) can be rewritten in the following form

Zs (B- Pt”—[ZSn }x{iSn(—P)t"],
n=0 n=0

where

S,(B—P)= isn_ (=P)S;(B). (2.2

J=0

We know that the polynomial whose roots are P is
written as

n
S,(x=P)=>S,_;(=P)x", with card(P)=n.
Jj=0

On the other hand, if B has cardinality equal to 1, i.e.,
B={x}, then (2.1) can be rewritten as follows [6]:

0 I1 (1—pl‘)

S (x—Py"=PL
ZO ,(x—P) =
:1+"'+Sn_1(x—P)[n71 +Ml‘n

(l—xt) ’

where S, (x—P)=x*S, (x—P) forall k>0.

The summation is actually limited to a finite number of
terms since S—k(-)=0 for all k>0. In particular, we
have

[1(x-
peP
=Sy (—P)x" +8;(=P)x" 1+ 8, (=P)x" 2 +--.,

p):Sn(x—P)

where S;(—B) are the coefficients of the polynomials
S,(x—P) for 0<k<n. These coefficients are zero for

k>n.
For example, if all peP are equal, i.e., P=np, then

we have S, (x—np)=(x—p)"

By choosing P=/i.e., P=41,1,...1;, we obtain
gl

n

S (=n)=(~1)¥ {Z] and S, (n)z(" +:_lj (2.3)

By combining (2.2) and (2.3), we obtain the following
expression

S, (B—nx) =S, (B) —[Yjsn_l (B)x

+ Sy—2(B)x =+ (=1 X
2 n

Definition 2. [4] Given a function f on R", the divided
difference operator is defined as follows

f‘(p]a"'spiapi+la'“pn)
—f(P1s " Pic1s Pis1, Pis Pix2 """ Pp)
Opipiy1 ()= Pi—Pint '
1 1

Definition 3. The symmetrizing operator 551 o is defined

by

k ok
sk ():Plg(Pl) ng(pz)forallkeN. (2.4)
PIP2 P—D2

Proposition 1. [S5] Let P={p,,p,} an alphabet, we define

k
the operator 5e132 as follows

3y 5y 8(PD) =Sk (P + P2)E(P) + P3Oy py g (1),
forall ke N.

3. On the Generating Functions

In our main result, we will combine all these results in a
unified way such that they can be considered as a special
case of the following Theorem.

Theorem 1. Let A and P be two alphabets, respectively,

{a1,a,} and {by,by}, then we have

PIAE

n

n+k1P)n

(p2)z

P1P2 (3.1)

-0
Si1(py+py)—(a +a;) 8"
—a1ay P P20 py py (p5H2*

( %)Sn (—A)pf Z”J[ §OSn (—A)pt Z"]

forall keN.
Proof By applying the operator 0 oy 1O the series
Fp)= 3 2 (A) pi 2", we have

n=0

o0
O pipa (z Sn (A)p{1+anJ
n=0

o0
Y S, (a1+az)p1”*"z”— z Sy (ar +ay) pytez"
_n=0

=P
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=P

n+k n+k
Sn (al +a2){—pl p2 ]Zn

n=0

S, (A)S, ik (P)2".

n=0

On the other hand,

k
P
a171172 0
Y S, (~A)piz"
n=0

W

0 0
T Sy(-Apl" T Sy(-A)ph"
n=0 n=0

pPi-

o0 o0
pt ZOSn<—A>p§z"—pé‘ > 8, (A"
n= n=

o0 o0
(pl _p2)[ Z Sn(_A)pannj[ Z Sn(_A)p}Zqzn]
n=0 n=0
kK k k k
Pl -p) —(a1+az)(p1 pz—pzpl)z
k
—a1a; (Pz )21 P1 Pz

P )(ZS( Apr'z ](ZS (=A)py 2" j

Py =P
P1—p2

P
PP
—(al+az)P1P2 n-r_ |?

k-1 k-1
PPy —p2p) Jzz

pP1—p2

1~~~
=
=

—qar PPy (

( %Sn (—=A4)pf Z”J( %Sn (~A) p} Z"J

Sk-1(p1+p2) (@ +az) (p2)z

PLP2

—a a2 P1 P20y py (p5™Hz?

[ % S (—A)pf’z”j[ % S (—A)pi’z”j

Thus, this completes the proof.

We now derive new generating functions of the products
of some well-known polynomials. Indeed, we consider
Theorem 1 in order to derive Mersenne numbers and
Tchebychev polynomials of second kind and the symmetric
functions

o If k=0 and A={1,0} we deduce the following lemma

Lemma [1] Given an alphabet P={py,p,}, we have

Sn— — (2
nzo 1(p1+p2)2" "0 = pa7)
Replacing p, by (-p,) in (3.2), we obtain

zSn (o1 +[-p2 D" - (3.3)

Choosing p; and p, such that

{Pl pr=-2,
p1—p2 =3,

and substituting in (3.3) we end up with

> S, (p+[-p2 2" = z

= 1-3z+22%

which represents a generating function for Mersenne
numbers, such that M,, =S, _; (p; +[-p2 ]).

If k=0,k=1 and A={aj,a,} we deduce the

following theorems
Theorem 2. [7] Given two alphabets A={aj,a,} and

P={p|,py} we have

z 5y ()51 (P)2"

(al-i-az)z—alaz (p1+p2)22 (34)

[ s S, (—=A)p{' Z”][ > S, (—A4)ph Z”]

n=0 n=0

Theorem 3. [8] Given two alphabets A={aj,a,} and

P={p,py} we have

%Sn(A)Sn (P)z"

l-ayay pi py2° (3.5)

( s S, (—=A)p{' Z”j{ > S, (—4)ph Z”]

n=0 n=0

From (3.5) we can deduce

Z Sn—l (A)Sn—l (P)Zn
n=0
z—ayay pypyz° (3.6)

(ZS(A)plz j{ZS(A)pzZJ

Case 1: Replacing p, by (—p,) and a; by (—a;) in (3.4)

and (3.6) yields

D Sula +[=a; S, 1 (py +[=p2 2"

n=0 (3.7)
_ (a—ay)z+aay (p—py)z

(1—alplz)(1+azplz)(l—i-alpzz)(l—azpzz)

> Spi(@ +[=a DS,y (pr +[=p2 2"

"0 . (3.9)
— ZTamprprz

(1—alplz)(l+azplz)(l+a1pzz)(l—a2pzz)
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This case consists of four related parts.
Firstly, the substitutions of

{al —ap =1, {P1 -p =3,
and

ajay =1, PPy =2,

in (3.7) give

'8, (a +[-a31)S,, 1 (py +[-p2)z"
n=0

_ Z+3z2
1-32-322 +62° +4z%

which represents a new generating function for product of
Fibonacci numbers with Mersenne numbers, such that

E, My, =8, (ay +[=a, DS, (py +[=p2 D)
Secondly, the substitution of

{al —ay =3, and {Pl -p2=3,

ajay =-2, PPy =-2,
in (3.8) give

> S, 1(ay +[-ay 1S, (py +[-pa D2"
n=0

z—4z

1292428223623 +1624

which represents a new generating function for Mersenne
numbers of second order, such that
2
My =S, ((aqy +[-a; DS, (P +[=P2 ]
Thirdly, the substitution of
{al —ay =1, {P1 ~p2 =3
and
aay =2, npr=-2,
in (3.8) give

DS, 1@ +[-a DS, (p +[-p2 D"
n=0

_ z+4z3
1-32-822 +122° +42%”

which represents a new generating function for product of
Jacobsthal numbers with Mersenne numbers, such that

JuM =S, 1(ay +[=ax D)S, 1 (1 +[=p2 D
Finally, the substitution of

a—ay =2, -py =3,
{1 272 {pl P
ajap =1, PPy =-2,

in (3.8) give

D Sy i(ay+[-a3 DS,y (py +[-p2 D"
n=0

7422

1—6z+322+1223 +424

which represents a new generating function for product of
Pell numbers with Mersenne numbers, such that

EM, =S, (@ +[=aa DS, (1 +[=p2 D)
Case 2: Replacing p, by (-p,) and g by 2a; and a,
by (—2a,) in (3.4) yields

o0
D8, Q2a; +[-2a,1)S,,_1 (py +[-p2])Z"
=0 (3.9)
2(a1 —a2)2+4ala2 (pl —p2)22
(1=2a1p12)(1+2a, p12)(1+ 241 pz)(1- 205 p 2)
The substitution of

p1—Dp2 =3,
PP =-2,
4aja, =—1,

in (3.9) and set for ease on notations x=a; —a,, we reach

o0 o0
ZSn a; +[2a51)S,_1(p +[-p2 DZ" = ZM,,U” (x)z"
n=0 n=0
_ 2xz-3z°
1= 6xz+(5+8x)z% —12x2° +4z%
which corresponds to a new generating function for the
combined Mersenne numbers and Tchebychev polynomials

of the second kind.
Theorem 4. For neN, the new generating function of the

product of Mersenne numbers M, and Tchebychev
polynomials of first kind is given by

xz—-3z% +2x2°
1-6xz+(5+8x)z% —12x2° +4z*

0
ZMnTn (x)2" =
n=0

Proof We see that

o0
ZMnTn (x)z"
n=0

=SS, ()

n=0

{Sn (24, +[-24,]) ]z”
-xS,_1 (Zal +[—2a2])

- %Sn—l (p1+[-P2])S, (24, +[-2a,])="

- %Sn—l (21 +[=P2])Sp1 (201 +[-20,]) 2"

o0
= ZMnUn (x)"
n=0

0

: > Sua(p+[=p2])(2a))" ~(-2a)")2"

2(611 + ay ) =0

0
= ZM WU, (0)zZ"
n=0

isn—l (21 +[-p2])2a2)"

_ X n=0
2(a1 +ap ) O

=2 Spa(pr+[=p2])(2a,2)"

n=0
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On the other hand, we know that

o0
z
2 S+ )" = ——,
n=0 1-3z+2z
from which it follows
> M,T,(x)z"
n=0
_ 2xz 322
- 2 3 4
1-6xz+(5+8x)z" —12xz° +4z
X 2a1z 2a,yz
- 22t 22|
2(a; +ay) 1-6a;z+8aj z 14+ 6ayz+8a5z
Therefore
< xz—3z% +2x2°
ZMnTn (x)zn = 2 3 4°
1=0 1-6xz+(5+8x)z" —12xz° +4z
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