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Abstract

In the paper, the authors establish a new integral identity. By this integral identity and Holder’s

inequality, the authors obtain some new inequalities of the Hermite-Hadamard type for e-convex functions.
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1. Introduction

We first list some definitions concerning various
convex functions.
Definition 1.1. A function f

to be convex if
fAX+Q-D)Y)<AT(X)+@-2)f(y)

holds for all x,y e  and A €[0,1] .

In [1] the concept of e-convex functions was introduced
as follows.
Definition 1.2. [1] A function f

and £>0, if
fUAX+A-AD)Y)<AT(X)+A-2) T (y) +e&,

:1 < R =(~,) — R is said

(1.1)

il € R=(—0,0) > R

(1.2

is valid for all x,yel and 1 €[0,1],
f (x) is a e-convex functionon 1| .

The following inequalities of Hermite-Hadamard type
were established for some of the above convex functions.

Theorem 1.1. [2] Let f :1°

then we say that

< R — R be differentiable on

o

1°, a,bel® with a<b.
(i) If || is convex function on [a,b], then

If(a);f(b)— [ f 0o

_ (b-a)(f'@)[+[f'(b))
< 5 :

(1.3)

(i) If |f’|p/(p_1) is convex function on [a,b], p>1,
then

f f(b 1 (b
I @O L1 oo

b—a |fr(a)|p/(p—1)+|f,(b)|p/(p_1) (p-D/p (14)
S 2(p+DYP 2 '

Theorem 1.2. [3] Let f : 1° = R— R be differentiable on

I°, a,bel” with a<b and g>1.

(i) I | f|7 is convex function on [a,b], then

f(a+b] 1
2 b—

v (1.5)
<b—a[|f’(a)|q+|f'(b)|q] !

f( )dx

4 2

(ii) If | f|7is convex function on [a,b], p>1, then

‘f(a—”’j ! f(‘”bj‘ (1.6)
2 ) b-a 2

and

< —

b-a
jf(x)dx n

| f(a)+ f(b)

| 2

cb-a
4

1 b
—b_aja f (x)dx

2]
2

In this paper, we establish a new integral identity. By
this identity and Hoélder’s inequality, some new Hermite-
Hadamard type for the product of e-convex function and
discussed, some results are obtained.

1.7
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+
n+1

n n+1

2. Some Lemmas 1 (a+ (n—l)(b—a)}r n f(b)}
Lemma 2.1 Let f:1 = R — R be differentiable on 1° and n (2.3)
1 ¢ ¢ (k-1)(b-a) t b
where abel with a<b, neN,. If f'eL(ab]) = f@+ 2 flas=——"——]+1()|.
then the following identity holds: k=2
Changing variables with

1 4 (k—l)(b—a)j
— | f@+ ) fla+————L |+ (b —1)(b - _
+1{ @ g‘z ( n (©) x:(l—t)(a+—(k Drfb a)]+t(a+—k(bn a)J
1 (b
B —aja F(x)dx 21)  for 0<t<1,we get
(t_wj i (1_t)(a+WJ
n+1 lzjlf n
_ad ~1)(b - 0 _
_b-a 2a Zj‘l (1—t)(a+—(k Db a)j dt. = +t(a+—k(b a)j
n° 1% ., n n
+t(a+Mj a-KO2)
n ] ——Z j K 1)(,0 o f(0dx (2.4)
Proof. 1
_[t_ n—(k—l)j - b— f(x)dx
n+1 Put the equalities (2.3) to (2.4) into the equality (2.2),
b—a . (1 (k-1)(b-a) the inequality (2.1) is thus proved. This completes of the
2 Z.[o (1—t)(a+ n dt proof.
k=1 ' By taking n=1 in Lemma 2.1, we have the following
+t(a+m) identities.
n . Lemma 2.2 [2] Let f:1 = R— R be differentiable on I°
zli[n—(kl—l) ; [a+ (k —l)(b—a)j (2.2) and where a,be | with a<b,if f'ely([a,b]), then
Nkal N+ n f f (dx— L@+ T 0)
+Lf(a+k(b_a)j b— 2
N+l " 2 [la-20t (ta+ @-tb)at
_ _ 2 Jo '
a-ofa E-20-2)
—‘[lf n
0 +t[a+ k(b—a)j 3. Some Integral Inequalities of
n Hermite-Hadamard Type
Since ) o ) )
Now we are in a position to establish some new integral
n—(k-1) tay (k-D(b-a) inequalities of Hermite-Hadamard type involving the -
1 i n+1 n convex functions.
n= +Lf k(b—a) Theo_rem 3.1 Let f:[a,b]cR—>R be differentiable
n+l function on [a,b] and ¢>0 , neN,, g=1. If
17 n 1 b—_a f'ely([a,b]), then
== PYE] (a)+—1f a+—
nin+ n+ n n
1 (k —1)(b—a)j
_ B _ —| f(a)+ f(a+— + f (b)
1[0y 2o2), 2, 200) S
n+1 n n+1 n
! f(x)dx
-2 f(a+2(b—a)J+if[a+3(b—a)j “boa 3.1)
n+1 n n+1 n g
_ _ _ - f'a) +| f'(b)|*
-3 (a+3(b a)j+if(a+4(b a)j  b-ayen+y| @ [ f'O)f
n+1 n n+1 n 6n(n+1) 2
L2 (n-2)b-a)) n-1.(  (1-Db-a) Proof. Since | f% is e-convex function on [a,b], using
n+1 n n+1 ar n the Lemma 2.1 and by the Hoélder’s inequality, we have
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n _ _ n _ _
L f(a)+2f(a+WJ+f(b) i f(a)+2f£a+WJ+f(b)
+1 ko2 n n+1 — n
1 ¢b 1
—— [T f()d - f x)dx
— J, 100dx e ACY
cb-ad al n—k+l L b-a)en+)[[F'@ o) |
n n+1 6n(n+1) 2
(1—t)(a+(k_1)(b_a)j Theorem 3.2 Let f:[a,b]cR— R be differentiable
' n dt function on [a,b] and £é>0, neN,, g>1 and
+t(Mk(b—a)j 0<r<q.Iff'ely(ab]), then
n
n
n 1-1/q L i@+ f[a+—(k_1)(b_a)j+f b
Sb_a(zﬁt_n_kﬂ}dt} 1@y 0=2)
n2 0 n+l
- [ (0
Zn:jlt—n_k+l “b-a (x)elx
ka0 n+1 i 2q-r-1 T-Va
q a (Lj g-1
— — n
(1—t)(a+(k Db a)} _b-a] q-1 3 n+1
' n at n® | 20-r-17 ) 2g-r-1
— g-1
+t[a+—k(b a)j +(1_mj
n L
1-1/ $ ' 2
_b-a( & —n_k+1}dt - Z ( jn[n(r+2)+r+1]k f'@f (3.2
n2 k=1 0 n+1 - ;
D1l n-k+1 +(1—Lj [(n(r+2)+r+D)k
Zj'ot— n+1
o e
g ~(n+1)(r +1)]|f'(b) }}
n—-k+1-t
—— @/
k 1+t dt Proof. Since |f']* is e-convex function on [a,b], using
o) +e N )
| the Lemma 2.1 and by the Hélder’s inequality, we have
1-1/q n _ _
_b-a(n(n+1) 1 f(a)+Z f(a+(k 1)(b a)j+f(b)
n2 | 6(n+1) n+1 = n
1/q 1
n(2n+1)[|f’(a)|q+|f’(b)|q} - j f (x)dx
x 12(n+1) <b—aznljl n—k+1
e n(2n+1) =t n+1
6ln+1) k—-1)(b k(b
L x| /] (- )( Mj (a+ ( _a)jjdt
_b-a)@n+ | [F'@+ O] n
6n(n +1) 2 ) (¢-nig-1 Y
<Db-a zj-l _nh-k+1 dt
Theorem 3.1 is proved. R =il n+1
Crollary3.1. Under the conditions of Theorem 3.1, then
(1) if n=1, we have n _
f(a)+ f (b X{Zj;t_nnkzl
| (a)+ ()_ 1 jbf(X)dX k=1 +
| 2 b-a’a q
1/q N (k-1)(b—a)
b-c-,lpf'(a>|“+|f'<b)|q ] ¢ ‘)("’” n
< 4 5 +& . x| f' dt

+t(a+—k(b_a)j
(2) if q=1, we have n
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(g-r)/(a-1) Y4

n-k+1 dt

1/q

r 2q-r-1 “1-1/q

(Lj -1
n
P R n+1

n2 2q-r 2q-r-1

1
k=1
+(1_Lj a-L
n+1

zn: [ j n[n(r +2) +r +1]k? | f'(a)|*

(1-%} [(n(r +2) +r +1)k

—(n+1)(r+1>]|f'(b)|“]} ; 3.9

Theorem 3.2 is proved.
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