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1. Introduction

The following definitions are well known in the
literature.
Definition 1.1. A function f:/ c R — Ris said to be

convex if
J(Ax+(A=-Ay)<Af()+1A=-2)f(») ®
holds for all x,y el and A €[0.1]. If the inequality (1)

reverses, then f is said to be concave on [ .

The well-known Hermite-Hadamard inequality reads
that for every convex function f:/ < R — R ,we have

a+b 1 (b f(a)+ f(b)
1[50 s e LO2IE

2
a,bel with a<b . If f

inequalities reverse.
Definition 1.2. ([2]) For se(0,1] ,

S i1 cRy =[0,0) > R is said to be s -convex if

,  where

is concave, the above

a function

fOx+(1=-D)y) <A f()+(1-2)" f(») @)
holds for all x,yel and A€[0,1] . If the above
inequality (2) reverses, then f is said to be s-concave on

I.
Definition 1.3. ([6]) Let (0,)cJ <R, IR be an

interval, and 4:J - R . A function f:/ —> R is said

to be % -convex if the inequality

fAx+A=D)») ShA)fO)+hA-Df () B3)

If the above inequality (3) reverses, then f is said to

be A -concaveon 1 .
Definition 1.4. ([10]) For f:[0,6] > R,a,m € (0,1], if

fQAx+m(1=A)y) A% f(x)+m1-2%)f(y)

is valid for all x,y €[0,b] and A €[0.1],then we say that
f(x) isa (a,m)-convex function on [0,5].
There have been many inequalities of Hermite-

Hadamard type for the above convex functions. Some of
them may be recited as follows.

Theorem 1.1. ([2]) Let £ : I° = R — R be a differenti-
able function on I°, where a,be° and a<b.If |f’(x)|

is a convex function on [a,b], then

|f(@)+ /)
2

1 b
—], f(X)dx‘

- (b-a)(f'(@)|+]/'®)
< 3 :

Theorem 1.2. ([3]) Let 1 is a differentiable function on

[a,b],|f’|q is convex function on [a,b], where ¢ >1 ,
then

|f@+fB) 1
2 b-a

1/q
cboa [If’(a)lq +|f'<b>lq] |

f:f(x)dx‘

4 2
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Theorem 1.3. ([4]) Let f:I > R is a differentiable

function on I° , where a,bel’,a<bp>1 , if

|f’(x)|p/(p_1) is convex function on [a,b], then
2
b-al 4 "
<
16 \p+1

1-1/
X“]f’(a)vj/([’—l) +3|f’(b)|p/(p_1):| P

S@+/0) 1 b
e dx
‘ b—aJ-“ 1 ‘

+|:3|f'(a)|P/(p71) +|f,(b)|p/(p1):|l—1/p}.

Theorem 1.4. ([5]) Let f:Ry —> R is s -convex

function, where se(0,1),a,beRy,a<b if

I e Li([a,b])

s—1 a+b
> (TJ

Definition 1.6. ([1]) Let f € L;([a,b]) ,

Liouville integrals JZ, f(x) and J§ f(x) of order « >0
with a >0 are defined by

, then

f@+ /)

s+1

1 b
Sﬁja F(x)dx <

The Riemann-

@ f(x)= T)I x-0)* f)dt, x> a

and

Jif(x )_ﬁf (=07 f(o)dt,x < b

Respectively, where JO ar S (x)= Jb f(x)=f(x). and
I'(«) is the classical Euler gamma function be defined by

“ledr .

T(a) = jO+°°

Theorem 1.5. ([12]) Let f :[a,b] > R be a positive
function with 0<a<b, f € Li([a,b]),

function on [a,b] then

If fis a convex

a+b I'a+1)
f( . j oy e O+ @)
L J@+fb)
2
with a >0.
Theorem 1.6. ([12]) Let f:[a,b)] >R be a

differentiable mapping on (a,b) with a<b, If | f'] is

convex on [a,b], then

|f(a)42rf(b) I'(a+1) [JE (b)+Jf (a)]
2(b-a)”

b—a ’ ’
= 2(a+1)[1_2_aj[f (a)+ f'(D)].

In this paper, motivated by the above results, we will
establish a Riemann-Liouville fractional integral identity
involving a differentiable mapping and present some new
inequalities of Hermite-Hadamard type involving
Riemann-Liouville fractional integrals for (m, h; h;)-
convex functions.

2. A Definition and A Lemma

In the most recent paper [11], Maksa and Palés
introduced even more general notion of convexity. More
precisely, (a,f,a,b) -convex functions are defined as

solutions f of the functional inequality
Sflax+p0)y) < a@) f(x)+b(@) f(y):

where 07 c[0,1] and «,f,a,b:T —> R are given
functions.
We first introduce a definition of (m,#,h,) -convex

functions.
Definition 2.1. Assume f:/ c Ry >R, i,k :[0,1]

—>Ry,and m<(0,1] .Then f is said to be (m, h;, hy)-
convex if the inequality

S Ax+m1=2A)y) < by (A) f (x) +mhy (1) [ (y)
holds for all x,y e I and A €[0.1]. If the above inequality
reverses, then f is said to be (m, h;, h;)-concave on [ .
Let f :[a,b] > R be a differentiable function on (a,b)
and e L;([a,b]). Denote M, (a,b) by

a+2b
1 1 2a+b\+f
M, (a,b)=—| f(a)+—| [ 3
3 2 3

+f(b)

p a+2b
-l JrJ2a+b+f 3
I'(a+1)3 Ja 2a+b 3
C h-a)f e

S(®)

a+2b
3

Specially, when o =1, we have

M, (a.b) =§{f(a)+%(f( -

+f(a+32bn+f(b)}_ﬁ-[jf(t)dt'

Lemma 2.1. Let f:[a,b)] >R be a differentiable
function on (a,b) such that f’ e L, ([a,b]) . Then

2a+bj

M, (a,b) =2=2

{j 0—1%) f" (m+(1 t)2a+bjdt
11 2a+b
Az

+j(1 t )f(

+(1-1)

+ 1- t)bjdr}

a+2bJ
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Proof. Letting u :at+(l—t)2”—3+b. By integration by 1 (2g-11 1-1g
parts, we have [aB( q-1 ;D
1/
[ra+(1—r)2‘”b] (a+26)° AR
V) el )l |
{ fla)- aj f(ta+(1—t) 2a+h }“‘%ﬂ}
1/p
1 3@l 2atb sy a-1 where ||h1||p =(J;hf”(t)dt) for p>1 and B(x,y) is the
==~ fla)- j 3 [ uj S (u)du . )
3 (b- 3 classical Beta function which may be defined by
a-1 | -1
_lf(a)_%J&f(Za;bj. B(x,y)= Iotx (1-¢)Y7'dt, x>0,y>0.
(b-a)

oo . Proof. From Lemma 2.1, Holder inequality, and the (m,
Similarly, we obtain
hy, 7, we obtain

b—afl(l_ta}/_,( 2a a+2bj )
0 1-1/
9 2 3 |M (a, b)| {U (2a/(q- l)dt) q
1 2a+b a+2b
6 3 3 . 1/g
b Y b b , [ 2a+b

i R x(v @l (22 ||h2||1]

| & (e

1 2a+b a+2b
_E(f( 3 j+f( 3 j

CDe+13*" , (a+2b I
T I\ 73 2a+b 26\ !
b—a)* 4 [ 2a+ J[a+
ooof x[\f( 2 el (4222 ||h2||1J
and
L gyilaDg )
b- a.[ (-t )f( a+2b+(1—t)bj +U0(1—t ) dt)
1/
L r(a+1)3“‘1ja , (a+26)? A (b . !
_Ef( )_W a+32b+f( )- x| \f 3 I 1||1+ f " " 2"1 ’
The proof of Lemma 2.1 is complete. where

Jl @algDgp - 471
0

3. New Inequalities for (m, h;, h;)-Convex aq+q_1’
0

Theorem 3.1. Let /:/ c Ry - R be a differentiable a 1~ g-1'a
function such that /" e L;([a,b]) for 0<a<b.If |f'|" is and
(m,hy,hy) -convex on [a,b] for g¢>1 and hy,hy e Il 1 aly, @29 a1
Li([a,b]), then 0|2 2(a+1)

b-a g-1 1-l/q The proof of Theorem 3.1 is complete.
|M (a, b)| e (m] Corollary 3.1.1. Under the conditions of Theorem 3.1,
4 if (1) = h(t), hy(t)=h(1—t), then
l/q
, 2a +b 1-1/q
(@ ol (22 IR PlalLl &
aq+q-—1

2

1 gateia _ g )7
a+1

q 1/q
et
m

1/q
q —
2 ) e e
2

2a+b "
x[\f( 2 e

a+l
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Jl/q W1, b)| - (l)w

+[1 B[zqq 11 ; BH/C’ { 2 2—” ('f @[’ + )
(J ) (“2”’)

[~ | |

1 g g
a+2b
( |f (b)l"J }
Furthermore, if m =1, then

Corollary 3.1.3. Under the conditions of Theorem

a+2b

| enlr(e

A=)

Uf a+2b

1
2ql

/q 1-1/ i — —1_™
” . (b- )" " g-1 q 3.1if Iy(t) =¢"" and hy(r)=1-¢"1, then
|M g (a,b)| <
ag+q-—1 bal 1 1/q
|M,, (a,b)| <
l/q 9 a1+1
% |f,(a)|q+f,(2a+qu Ve
3 IRNET f(@)|
-1/ X (q—j X 2a+b )"
1 a2 e _g ) aq+q-1 +may f'( m j
2 a+l

y 1 2@ Dla _g )7
q == = -
f,(2a+b q~|—f’ a+2b)" +2[ a+1 J
3 3
ILi/g N f,(2a+b) o f,(a+2b]
1 [2(1 1 1)} 3 3m

aqla

X
N

qu/q

q 1/q
[ a+2b PN,
< (2] <oy ||
3 (a+2b)1 A
X f 3 +ma1 f Z
Corollary 3.1.2. Under the conditions of Corollary
3.1.1,if hl(t)Zh(t)Zts, m =1, then Specially, if m =1, then
l/q %
b—a( 1 b—af 1 )1
M, (a,b)|< L a
|M, (a,b) (HJ M, (a,b)| < 5 (%H]
1/q
1-1/q q I/q
-1 , J[2a+b "(a)|?
% _ 49—t |f (a)|‘1+ f -1 1-1/q |f (a)|
ag+q—1 3 || —L =
aqg+q-1 ‘f 2a+bj
1/
q
2a+b
1-1/
1 a2@Dia _ 4541 1-1/g ‘f 1{a2(a_l)/“—a+1J !
+1 il e et
2 a+l a+2b 2 a+1
‘f g Ve
‘f 2a+b) vy f,[a+2bj
q l/q 3
=lig || g ( a+ 217} 1-1/g
. lB(zq_l,lj JP T3 : JLp(2a-1 1
a q-1 «a L\ a g-1 «a
+r1(0)

1/q
a + 2b , q
Specially, if & =s=m=1, then Uf j tay|f'0) ] :
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Theorem 3.2. Let f:/ <Ry — R be a differentiable

function such that /" e Ly([a,b]) and 0<a<b. If |7

is (m,h,hy) -convex on [a,b] for h,h, € L;([a,b]) and

g =1, then

b_a(le—l/q

9 \a+1

S (s ks

,(Za-i-qu( ] ]
3m 2a+1 12

)l—l/q

|M, (a,b)|<

1/q

m
+—
2

+l(a2(“_l)/a —a+l
2

q
Xﬂf,(2a3+bj‘ "hl"l +m‘f’

a+2b\! -
(2] o

20°

oV ‘f “+2bj‘ (+a)(l+2a)
+ml,?

() +||h2||;ﬂ}“q,

where where ||h1 ||p is as given in Theorem 3.1.

m

2

2a
(1+a)(1+2a)

Proof. From Lemma 2.1, Holder inequality, and the

(m, by, hy) -convexity of | f ’|q , we obtain

|Ma (a,b)| < b

1/q

@ fy o

2a+b

i
l/q 1/

i }d) q[ (2a+bj‘ Ihl(t)dt

a+2bj‘ J’ hz(t)dt] (j;(l_ta)dtjl_l/q

1/q
—t%)hy (t)dt

X
+m

j 1% hy (£)dt

o0

a+2b

f

2a 2
b= I:Itadt |f()|q.[#d,

o3 (s

2a+b

‘ j Iy (£)dt

+

1/q
m|f" (%ij‘ [, hz(t)dtJ

(a+20)\!
=)
11=1%)? + 12 (1)
fo—z L

+U; a —t"‘)dt)ll/q x

q
(2
m

1/q
_ a2 2
1A=t%)" +hy (t)dtJ

0 2
1
1-1/
J‘“(Lj ! l|f'(a)|q 2a+1
9 \a+1 2 5
+|ml,
1/q
2 3m 2a+1 12

+l(a2(a_l)/a —a+1

2a+b
Hf J bl (2

)l—l/q

1/q
a + 2b
2] ||h2||1J

2

(04
V4 ‘f a+2b}‘ (1+a)1+2a)
+i,?

5 g 1/q
) ot )| |

The proof of Theorem 3.2 is complete.
Corollary 3.2.1. Under the conditions of Theorem 3.2,

(1) if ky(t) = 4 and hy (1) =1—-¢%, then
b—a( 1 jl_l/q
9 (a+l
1

q

H |f( )| [2a+1 2al+1J
1
,(Za—i-bj
3m

71 2a+1
+l(a2(0‘71)/a —a+l
2

20
(1+a)(1+2a)

|M (a,b)| <

2

+
2 20{1
(051 + 1)(26{1 + 1)

)l—l/q

1
a1+1

‘f 2a+bj

]

‘f a+2bj

a1+1
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oV ‘f a+2bJ

2a2 1 m
+ +—
(1+a)1+2a) 20 +1 2

1/q
202

y (1+a)(1+2a)
2&12
[ ——"
(al + 1)(20.’1 + 1)

Q)if Iy (£) = h(t), hy(t)=h(1—1), and m=1, then

a 1 1-1/q
a+l

@l
Aalamm ) [ 20y
+f( 3 ]
+l(a2(a_1)/a -a +1)H/q
2
(2a+b\" | (a+20\!
f( 3 )‘ +‘f( 3 j

L el L LJFM;Z" 2
(I+a)1+2a) "2

|Ma (a,b)| < b

1/q

l/q

x| [

1/q

‘f “”‘bj dref| s

B)if I () =h(t)=t°, hy(t)=h(1—1), and m=1, then

1-1/q
M, ()| <2 “(Lj
a+l
1/q
/@]
okl ey
2\2a+1 2s+1 +f,(2a+bj
U
1-1/
+l(a2(a71)/“—a+l) !
2
1/q

X

1 f,(2a+qu
s+1 3

g L[ 2a% 1
(lI+a)(1+2a) 2s+1
1/q
a+ 2b ,
‘f |f OEE

@ it m@O=ht)=t, h@)=h(1-t) and
a=s=m=1,then
1-1/
|Ma(a,b)|£b;a£%) '
q l/q
(2]
1|1 2a+b (a+2b)!
a5 (55
1/q
L pfatr2h g :
(=2 sror |||
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