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Abstract The nonlinear dynamics of the Lorenz model of general circulation is investigated with the help of
analogue electronic circuits. The structure of the attractor is obtained for the various values of the systems
parameters. Existence of two external potential terms in the equation leads to some new and interesting features. The
data so generated is collected through the use of NI-6009 USB, analogue to digital converter. This was then used to
compute the bifurcation pattern, parametric Lyapunov diagrams, Lyapunov exponents. The system clearly showed a
non-periodic doubling route to chaos. This is farther substantiated by the simple variation of Lyapunov exponent in
bi-parametric space of forcing parameter for the system. These external forcing is actually very important to settle
the various issue arising in the long time behavior.
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1. Introduction
Analysis of non-linear dynamical systems from the
view point of stability is a well known field of theoretical
research, which has gained momentum over the last few
decades [1]. The analogue electronic circuits can be used
to simulate a nonlinear system of ode’s and resulting
output can be explicitly visualized on an oscilloscope
screen. This approach got a boosting with the advent of
Chua’s circuit [2,3,4]. He was the first one to predict an
electronic circuit whose output is to be analyzed with
nonlinear dynamics. After that Carroll and Pecora [5,6,7]
used circuit implementation of R¨osseler system to
simulate chaos control and synchronization in real life.
Another successful application of this method was its use
on the original Lorenz equation in describing chaos
synchronization and control. Such an application was
initially put forwarded by Cuomo and Oppenheim [8,9].
Later such methods were efficiently used to synchronize
different non-linear dynamical systems in communication
purposes [10] and such methods were also efficiently used
to designs chaotic cryptosystems [11,12]. In this
communication we have studied a new form of Lorenz
equation [13,14,15], (long-term atmospheric circulation)
with the help of electronic circuit. The pattern of the
attractor formation was displayed through the oscilloscope.
But for the details of the properties associated with the
attractor, the data was collected by an analog to digital

converter (USB NI-6009). These data were then studied
for the analysis of the Lyapunov exponents, bifurcation
structure and shrimp structure [16,17] or the existence of
periodic islands in the chaotic sea.

2. Formulation
The new Lorenz model which takes care of general
circulation was analyzed theoretically by Masoller et al
[18,19,20]. This model proposed by Lorenz in 1984 is a
Galerkin truncation of the Navier- Stokes equations and
gives the simplest approximation to the general
atmospheric circulation at mid-altitude. The equation can
be written as

x=
− y 2 − z 2 − ax + aF

(1a)

y = xy − bxz − y + G

(1b)

z = bxy + xz − z

(1c)

where the variable x represents the strength of a large
scale western wind current, while y and z are the strengths
of the cosine and sine phases of a chain of superposed
waves. The parameter F represents the external heating
contrast between oceans and continents. In the following
we shall explore a variety of values of these parameters (F,
G), which will show the existence of three different type
of attractors.
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Figure 1. Schematics of the electronic circuit explore a variety of values of these parameters (F, G), which will show the existence of three different
type of attractors

The electronic circuit pertaining to Eq. (1) is shown in
Figure 2. Due to various non-linear terms, we have four
multipliers A1, A2, A3 and A4 all are IC’s of type AD633,
whereas U1, U2, U3, U4 are standard opamps AD741. The
resistances and capacitance are all identified in the circuit
with their values shown. In the figure F, G represents two
external potentials. The physical situation considered uses
the parameter values a = 1/4, b = 4, G = 1 and F takes up
three values 4.56, 5.198 and 8.0.
In the following, we give a step by step account for
obtaining the circuit shown in Figure 2. To begin with we
start with the integrator circuit for x (Figure 2).
Corresponding equation is

 1 Y2

1 Z2
1
1
x=
−∫ 
+
+
X−
F  dt (2)
C1 R4 
 C1 R2 10 C1 R3 10 C1 R1
which is to be compared with



y2 z2
x = ∫  −ax −
− + 2aF  dt


2
2



Figure 3. Schematics of the electronic circuit of y

(3)

Now scaling the variable by a factor of 2, that is x→x/2,
y→y/2 and z→z/2. If we compare them we can assign
suitable values or the resistance and capacitance.
For the second equation we use,

=
y

∫ ( xy − bxz − y + G ) dt

(4)

This is shown in Figure 2. Comparing Eq. (4) with



1 XY
1 XZ
G
1
x=
Y  dt (5)
−∫ −
+
−
+
 C2 R6 10 C2 R7 10 C2 R8 C2 R5 

Figure 4. Schematics of the electronic circuit of z

And for the third equation we use,



1 XY
1 XZ
1
z=
Z  dt
−∫ −
−
+
 C3 R10 10 C3 R11 10 C3 R4 

(6)

which is to be compared to

=
z

∫ ( bxy + xz − z ) dt

(7)

Corresponding circuit is shown in Figure 2. In all of the
above circuits the products xy, xz, y2, z2 are to constructed
with the help of multipliers AD633. Collecting all these
together we get the circuit in Figure 1 and simultaneously
the values of parameter can be fixed.
Figure 2. Schematics of the electronic circuit of x
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The experimental data collected in the form of the three
vectors x, y and z, are then utilized to draw the various
situations in the phase space. In the Figure 5a to 5h we
show for each case of parameters values both the figure
obtained from such data structure and also the same form
as observed on the oscilloscope screen. The similarity is
really very striking. These data is then used to compute
the Lyapunov coefficients and a graphical representation
of such analysis is shown in Figure 6(a). To vary G and F,
we employed different weir-wound potentiometer
combinations. On the other hand the bifurcation diagram
with respect to G is given in Figure 6(a). From this figure
it appears that there are several stages of the creation and
destruction of attractors as G is varied.
The scenario is also supported by the computation of
Lyapunov exponents as given in Figure 7(a).
A similar events also takes place if we consider
variation of F. These are reported in Figure 6(b) and
Figure 7(b). Variation of Lyapunov exponent in biparametric plane is given in Figure 8. This diagram shows
chaotic regions along with periodic regions. Here,
variation of yellow to red color represent different chaotic
region and variation from blue to green color represent the
periodic regions. As can be seen from close observation of
the figure, this chaotic regions sometimes form geometric
structure like ‘shrimp’. For each parameter value, 10000
data were collected for computing maximum lyapunov
exponents on each stage. After that, we calculated the
template structure of the present system.
For this, we followed the procedure represented in Ref.
[21]. First, we extracted the UPO’s (unstable periodic
orbits) from the chaotic attractor at parameter value a =
0.25, b = 4.0, F = 8.0, G =1.149. Then we have calculated
the template structure of the attractor. Template structure
is the two dimensional embedding of the attractor, keeping
all its integration between UPO’s intact. This is described
with the following matrix.

1 0 0 


=
T  0 2 −1=
L
 0 −1 3 



(0
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Here arrowhead represents the direction of the flow.
Additionally, ‘0’, ‘1’ and ‘2’ represent three different
period one orbits.

3 Conclusion
In our above analysis we have discussed the chaotic
aspect of a atmospheric model from the point of view of
electronic circuits. We first fabricated the circuit then
went on to collect the data through a ADC converter. We
have studied bifurcation of the system along two
parameters G and F. We also calculated the variation of
maximum lyapunov exponents from the data and
calculated the variation of maximum lyapunov exponents
with two parameters G and F. Latter this is shown in detail
in the bi-parametric diagram on G vs. F plane.

1 2)

Here ‘T’ is the template matrix and ‘L’ is the layering
matrix. Its graphical representation is shown in Figure 2.

Figure 5. Figure of attractor obtained from collected data and
oscilloscope

Figure 6. (a) Bifurcation with variation of parameter G while F = 8.0. (b) Bifurcation with variation of parameter F while G = 1.0
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Figure 7. (a) Maximum lyapunov exponent with variation of parameter G while F = 8.0. (b) Maximum lyapunov exponent with variation of parameter
F while G = 1.0
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Figure 8. Bi-parametric diagram with the variation of F and G
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Figure 9. Template structure obtained for the system
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