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Abstract  Abstract reasoning is an important ability to understand science and mathematics concepts. The aim has 
been to increase this ability by means of mathematic problems and cooperative learning. This experiment has been 
carried out with six groups: the students have to do some mathematics problems. In the control groups, there was no 
aid from the professor, and in the experimental groups the professor solved any existing doubt. A pretest and posttest 
was done in order to consider if the professor's teaching had caused any difference. The results showed that the 
problems produced a gain and the intervention of the professor increased the gain in the experimental groups. 
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1. Introduction 

Educational institutions which have been encouraged to 
carry out a series of reforms in education, state that 
professors should stimulate students reasoning, particularly 
verbal reasoning [1,2]. 

In education, exists an increasing interest in the 
development of argumentative competency indeed [3]. In 
fact, this capacity precedes symbolic reasoning, since students 
use symbols as their cognitive development is growing [4].  

As the tasks suggested, by the professor, are more open 
to the student's creativity, they indirectly make easier the 
capacity to argue. Since students don’t have just to apply a 
process, but to conceive that process. This is very common in 
the learning process based on both research or discovery [5,6]. 

In the field of mathematics, it is required that, without 
being a natural language, there are some indications such 
as: their symbolic aspect, which facilitates the 
interpretation of constituting a language. The features of 
this mathematic and verbal language are noticed in some 
aspects regarding the vocabulary, the expression and the 
psycho-pedagogic implications. Thus, the start must be 
assumed from natural expressions known by the children, 
using in general terms a basic vocabulary, not specifically 
mathematic. Since, psycho-educational consequences 
derived from the grade of precision-abstraction of the 
issues, exercises and problems that the student is going to 
find. And, their positive or negative effect regarding 
comprehension will depend on the verbal level that has 
been chosen. Therefore, it is essential to choose those 
words which are more suitable to express the concepts [7]. 

As far as mathematic competency is concerned, PISA 
(2013) [8] defines it as the capacity to formulate, interpret 
and use mathematics in different contexts. It tries to 
describe the capacities to reason mathematically speaking 
and using concepts, procedures, data and mathematic tools 
in order to explain and predict different phenomena. There 
are three essential dimensions of the mathematic 
competency: processes, content and context. 

Processes describe what the individuals do to correlate 
the context of the problem with mathematics, as well as 
the underlying capacities to these processes. PISA (2013) 
differentiates three types of processes: 

• Mathematic formulation of the situations; 
• Use of mathematic concepts, data, procedures and 

reasonings; 
• Interpretation, implementation and evaluation of the 

mathematic results. 
The mathematic capacities which underlie these 

processes, interpretation, application and evaluation of the 
mathematic results, are: communication, mathematization, 
representation, reasoning and argumentation, design of the 
strategies for solving problems, use of operations and 
symbolic language, and use of mathematic tools. 

Mathematic content is understood as the comprehension 
of mathematic knowledge and the capacity of 
implementing those processes, and it has been established 
considering the demands of historic development, the 
coverage of the mathematics’ area and the reflection on 
the main dimensions of the schools’ curriculums. Thus, 
the set of mathematic contents, that guided the elaboration 
of the questions PISA 2012, was based on the following 
categories: change and relationships; space and form; 
quantity; uncertainty and doubt. 
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There are different contexts in which the evaluation 
questions are inserted: personal, professional, scientific 
and social contexts. This contextual variety has been included 
so that an assessment, at the age of 15 years old, provides 
an earlier evidence in the way people will be able to respond 
to the great variety of situations. Those that they might 
find in the future and in which mathematics are implicated.  

As educators in general, and teachers of Sciences and 
Mathematics in particular, our main concerns are mental 
block and failure, which are suffered by many students in 
these subjects. Therefore, it is advocated for methodologies 
and teachings based on individual reasoning, knowing that 
the construction of knowledge is enabled by means of 
one’s own experience. Thus, more abstract approaches are 
reached and a more formal thought is used. 

Having said that, are those methodologies and teachings 
taught and learned at university? 

On countless occasions, the majority of teachers often 
forget that science and mathematics are simply mental 
activities created according to the physical world. However, 
students are supposed to learn those concepts without 
previous experiences; only by means of initiating them 
into complicated abstractions which, for hundreds of years, 
have been extremely hard to achieve by humankind itself. 

The National Association of Education, in a statement 
of 1961 entitled The Central Objective for Education, said: 
“The aim which conducts and strengthens all of the other 
objectives of education, the common thread of education, 
is the development of the capacity for thinking” [9]. One 
of the most representative functions regarding the problem 
solving, lies in helping the students to get as closer as 
possible to this central objective. Nevertheless, teachers 
have a lack of a strong theoretical knowledge that leads 
them to manage with the resolution of problematic 
situations as a routine matter. But only, in order to 
accomplish the intended solution, and regardless of the 
process of problem verification, which needs the teacher’s 
endorsement of the strategy. These intentions (about how 
to work in these areas), are enclosed in the curriculums. 

Regarding problem resolution, which is the main focus 
of mathematic activity, teachers must have an extraordinary 
command of basic capacities: reading comprehension, 
reasoning about what is contemplated, establishing a plan 
to face a solution, verifying the solution if it is found and 
knowing how to communicate the result. 

2. Teacher's Training and Good Samples 
Therefore, this lack of a strong theoretical knowledge 

leads teachers to manage with the resolution of 
problematic situations as a routine matter, in order to 
accomplish the intended solution. And which result, 
depends on the imposition of the place in the topic’s 
progression; instead of the confirming evidence of the 
problem, which is based on the teacher’s endorsement of 
the strategy. So, these problematic situations, that 

appeared in some workbooks or in the chosen course 
books, differ significantly from their experiences and concerns. 
Indeed, any occasion of imaginative participation which 
could arise from the classroom is left on the sidelines. 
Consequently, motivation which serves to refresh their 
necessities; and security, which allows the possibility of 
making a mistake as a means of investigation in the 
learning process, are dismissed because of the absence of 
fields with possibilities of creative action. 

The reflection about mathematic structures, that is used, 
implies a very specific language full of technical terms 
and with a high burden of abstraction. As a result, there 
will be students unable to reach this level of reality, even 
if they are in possession of a superior intelligence. 
Because, the problem is an imbalance between the 
spontaneous/natural framework of the individual and the 
methodology followed in the mathematic training.  

This current period is characterized by an extensive 
field of mathematic applications to any daily activity: not only 
agriculture, stockbreeding, biology, engineering, demography, 
medicine, sociology and politics but also technology in 
industrial, commercial and administrative activities.  

In fact, it is unarguable that the current technique has 
been reached thanks to the intercession of this branch of 
knowledge, and that mathematic knowledge is used in one 
or another case, at every turn. Undoubtedly, the 
construction of surrounding reality is always imbued with 
mathematics. Besides, mathematic training provides that 
students are accustomed to overtake the actual reality; in 
order to translate it into a new polished and more abstract 
language, which confers an ability of an incredibly 
powerful reasoning [10]. 

The degree of abstraction of many of the mathematic 
concepts, which are employed in the use of science, 
complicates their learning and usage. Moreover, the fact 
that hierarchic structure of some concepts prevails over 
the basis of others, and seriously hinders the learning 
process. Mainly, considering that concepts of high range 
are not transmitted merely by definition., because a 
concept is not definable by itself, even though it can be 
illustrated with examples. Undoubtedly, the use of 
examples is, the best assistance in the mathematic 
definitions of a concept. In this sense, the fulfilment of 
work or problem solving are considered outstanding 
principles to achieve mathematic comprehension. 

3. Cooperative Learning  
Cooperative learning [11] is achieved when students 

cooperate each other in order to reach a target. In such 
cases, there are disagreements among the subjects, which 
provides different perspectives and finally, an agreement 
is accomplished. Nevertheless, pondering and meditating 
on a process is needed to reach this result. As this table 
demonstrates, the traditional teaching method might be 
compared with the strategy of cooperative learning. 

Table 1. Comparison between the traditional method and cooperative learning 

 Traditional Cooperative Learning  
Lectures Presentations Expositions and cooperative activities  

Outside class time  Study Study and cooperative work   
Assessment  Exam  Exams. Cooperative tasks. Continuous Assessment. 

Source: based on [12]. 
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There are some key concepts to consider regarding the 
structure of the formal groups - groups that remain 
together for some classes, where each of the students are 
worried about both their own learning and their classmates’ 
one. Then, five characteristics of cooperative learning 
might be underlined: 

1. Positive Interdependence: a student might think that 
he cannot succeed, if the other members of the group do 
not succeed as well and vice versa. 

2. Positive Interaction: students explain among 
themselves, the way to solve problems or the nature of the 
concepts. 

3. Individual Enforceability / Personal Responsibility: 
the teacher must ensure the examination of the results of 
each student. 

4. Cooperative abilities for the effective functioning of 
the group: capacities such as leadership, decision making, 
ability to gain trust… 

5. Self-analysis of the group: discussion within the 
group in order to evaluate the degree of objectives’ 
achievement [13]. 

Therefore, there are several studies in physics that 
display, with the use of this strategy, an increase of 
motivation in the students [14], as well as its positive 
effect in learning [15,16,17,18]. 

4. Logical Reasoning  

As matter of fact, in order to bring students closer to 
science and mathematics comprehension, academics must 
know how reasoning processes are necessary for: the 
comprehension of these concepts, the students’ reasoning 
and the way to improve this former reasoning to facilitate 
comprehension. Consequently, teachers must expect 
students’ level of knowledge regarding their stage of 
intellectual development (that is, preoperational, specific, 
formal, or post-formal) and their knowledge in specific 
subjects[19]. 

Thus, in order to favor abstract concepts, the way to 
develop certain abilities must be found, such as abilities of 
abstract or logical reasoning. This reasoning, is a creative 
process which possesses some recognizable elements. 
Firstly, a confusing observation takes place. Secondly, 
logical reasoning produces one or more hypothesis. 
Another possibility as well, might be the use of 
combinatory reasoning to create a list of every possible 
combination or hypothesis [20]. 

Moreover, this reasoning implies a creative thinking; in 
this way, both the development of the hypothesis and the 
following process (of which hypothesis is the right one) 
are facilitated in order to reach the final conclusion. As a 
result, the development of this ability might be 
encouraged through a method which provides reasoning, 
for instance mathematic problems [21].  

Ogan-Bekiroglu & Eskin [22] reached the following 
conclusions about the relationship between the scientific 
reasoning and the conceptual knowledge: 

1. The quantity and the quality of the students 
reasoning improved in time.  

2. It is possible to predict their quantitative contribution, 
inspecting their qualitative contribution. Because, if 
a student make few quantitative contributions, their 

qualitative contribution will be lower as well, and 
vice versa.  

3. When students are involved in thinking activities, 
their knowledge does not improve immediately. In 
other words, the development of knowledge in the 
reasoning process entails its appropriate quantity of 
time. 

4. Former knowledge affects reasoning involvement. 
If students are familiarized with the concepts or 
they have scientific notions about those concepts 
before starting the reasoning, it is undeniable that 
they are much more involved in that reasoning and 
produce new elements.  

Problematic qualitative and quantitative situations not 
only develop curiosity, but also demand reflection, teach 
how to analyze the results as well as to express them 
correctly, and they favor a better perception in the 
relationship between science and technology [23]. In 
addition, they facilitate an increase in the involvement, 
and they promote an improvement in the reasoning of both 
ideas and opinions, which facilitates access to knowledge. 

Formal Reasoning is an important skill not only at the 
moment of making predictions, but also at the moment of 
learning science and mathematics. However, it is true that 
people’s former ideas and the use of logical rules of 
reasoning have a great effect in learning. Moreover, it also 
exists a partial dependence between the procedures of 
learning and the conceptual content. Therefore, abstract 
reasoning is the skill that goes beyond the particular case 
and, that abstract concepts are especially important to 
learn and understand. [24]. 

The Test of Logical Thinking (TOLT) was used in 
order to get the measures of abstract reasoning and, it was 
designed by Tobin and Capie (1981). The TOLT, the 
Spanish and the original version, has been used in several 
situations. Acevedo & Oliva [25] measured the formal 
reasoning of 1400 students from 13 to 21 years old. 
Valanides [26] used it with students from 13 to 17 years 
old. And this test has been used with engineering students 
[27], chemistry students [28] and pre-service science 
secondary teachers [29]. Even, there is an experiment with 
in-service elementary teachers in order to develop the 
formal reasoning, they used another test of logical 
thinking, inspired by the TOLT, the GALT. [30] The 
experiment, was a comparison between the effect in this 
skill with a group with lab instruction and another with 
traditional methodology. 

According to the level of formal reasoning, there are 
some different ways of division: the concrete level 
corresponds to a score from 0 to 3, the transitional level 
from 4 to 6 and the formal level from 7 to 10 [31]. 
Valanides [32] distinguished four levels: concrete (ranges 
from 0 to 1), transitional (from 2 to 3), formal (from 4 to 7) 
and rigorous formal (from 8 to 10). And Valanides did 
another division: concrete (0 and 1), transitional (2 and 3) 
and formal (from 4 to 10). 

5. Methodology 

The experiment has been carried out by six groups. 
Three of them belongs to the control group and the other 
three to the experimental one. Totally, 159 students from 
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18 to 21 years old, who are studying to be future 
elementary and pre-school teachers.  

The three control groups of control are constituted 
composed by the youngest, first year students of first year 
of the Elementary Education degree (two control groups) 
and, the first year of Pre-School Education degree (one 
control group). The experimental groups are comprised of 
the oldest and experienced university students: two groups 
of third year of Elementary Education degree and one 
group of third year of Pre-School Education degree. 

Regarding the design of the study, these students were 
considered to do a pre-test by means of the application of 
specific material, especially designed for this experiment. 
Soon after, the same test was carried out as a post-test. 

The test was the TOLT (Test of Logical Thinking or 
logical reasoning test), a test to measure the ability of 
logical reasoning, which must be fulfilled with a pencil 
and paper for 40 minutes.  

There are some research data which support the TOLT 
as an efficient method in order to identify students with 
different abilities of formal reasoning, in classroom based 
investigations. 

This test (TOLT), assesses five abilities of reasoning 
concerning mathematics. This is a multiple-choice test, 
which provides several and different justifications for the 
answer. It includes two elements for each of the following 
abilities and reasoning outlines: 

• Proportional reasoning: The knowledge of students’ 
proportional reasoning ability is the key to delimit 
their ability of working and, understanding the 
quantitative nature of mathematics. Those students 
with problems to reason proportionally find harder 
to understand equations, functional relations and 
concepts such as volume and density.  

• Probability: It allows the student to understand the 
need to make several attempts in the investigation, 
as well as the use of the average of compiled data 
from other similar experiments.  

• Control of variables: The process of investigation 
and control of variables is the most important ability 
of thinking that mathematics aims to develop. The 
aim of this process is to design experimental 
investigations, students must be able to define, 
distinguish and manipulate dependent and independent 
variables. This ability is needed in order to understand 
the relationship between movement-time. 

• Correlative reasoning: Students must acquire correlative 
reasoning in order to identify and verify relationships 
between variables and problem solving. 

• Combinatorial: Students must be able to delimit 
relationships among the variables of collected data, 
in order to interpret data according to  other variable 
[33]. 

Abstract reasoning was measured regarding the test of 
logical reasoning (TRL), the Spanish version of TOLT, 
validated by Acevedo & Oliva [25]. 

Four sessions of fifty minutes were carried out whereby 
eight mathematic problems were distributed. In the control 
groups, there was no intervention of the professor. In the 
experimental groups, after these fifty minutes, the 
professor explained the problems, solved them and 
corrected any doubt raised. At the time those sessions 
were finished, students took the TOLT once again.  

6. Results 

In the pre-test, groups achieve these results: 

Table 2. Results in the pre-test of each group 

Groups Sample Pre-test Standard deviation 

Control 1 Elementary 26 1.57 1.67 

Control 2 Elementary 39 2.23 1.68 

Control 3 Pre-school 31 2.16 1.50 

Experimental 1 Pre-school 16 3.55 2.08 

Experimental 2 Elementary 26 3.67 2.30 

Experimental 3 Elementary 21 3.00 1.79 

 
Considering that, the maximum mark obtained after the 

test application might be 10. However, it is noticeable that 
the marks of these students (those supposed to become 
teachers of pre-school and elementary education), in the 
future, are below 50% in the test. 

Thus, the experimental groups get better marks than the 
control groups. The standard deviations are quite similar; 
nevertheless, it is noticeable that the groups with a higher 
deviation are those with better marks in the pre-test. 

Consequently, the gain is calculated with the aim of 
verifying the percentage rate of increase or reduction of 
the logical reasoning [34]: 
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That is: 
spost  marks in the post-test; 
spre  marks in the pre-test; 
10  maximum mark in the test. 
After this procedure, the marks achieved and their gain 

are the following:  

Table 3. Results in the tests and the profit of each group 

Groups Pre-test Post-test Gain 

Control 1 Elementary 1.57 + 1.67 2.19 ± 1.60 0.07 

Control 2 Elementary 2.23 + 1.68 2.83 ± 1.68 0.08 

Control 3 Pre-school 2.16 + 1.50 2.45 ± 1.75 0.04 

Experimental 1 Pre-school 3.55 + 2.08 4.81 ± 1.97 0.14 

Experimental 2 Elementary 3.67 + 2.30 4.38 ± 2.51 0.20 

Experimental 3 Elementary 3.00 + 1.79 3.71 ± 2.24 0.10 

 
Apparently, deviations do not suffer excessive 

variations and, marks of the post-test are better than the 
pre-test. Therefore, logical reasoning has been developed 
in these tasks and, gain in experimental groups is better 
than in control groups. 

• If the specific data, of each of the five abilities that 
analyze the test, are considered; it concludes the 
following results: 

When results are analyze regarding different abilities, it 
is noticeable that: 

- The higher gain is given in the “Proportionality” 
section (four groups) and in “Probability” (two 
groups). 
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Table 4. Results of the gain according to the five abilities analyzed by the test of each group 

Groups Proportionality Probability Control of variables Correlation Combinatorial 

Control 1 Elementary 0.22 - 0.09 0.01 0.15 0.04 

Control 2 Elementary 0.05 0.20 0.03 0.04 0.03 

Control 3 Pre-school 0.12 0.05 0.01 0.03 0.03 

Experimental 1 Pre-school 0.37 - 0.04 0.08 0.32 0.21 

Experimental 2 Elementary 0.28 0.32 - 0.18 0.07 0.06 

Experimental 3 Elementary 0.22 0.16 0.07 0.09 0.03 

Table 5. Results of the gain according to the five abilities that the test analyze in each group, considering the average of their marks 

Groups Proportionality Probability Control of variables Correlation Combinatorial 

Control 0.13 0.05 0.02 0.07 0.03 

Experimental 0.29 0.15 - 0.01 0.16 0.10 

 
- The lower gain is given in “Control of variables” 

(in three groups), “Combinatorial” (one group) and 
in “Probability” (two groups). 

- There are some groups (control 1 Elementary, 
Experimental 1 Pre-school and Experimental 2 Pre-
school) which have negative gain in some abilities. 

- There is a positive gain in each of the items (totally 
30 items: six groups and five dimensions), except in 
3 (10%): “Probability” (two groups) and “Control 
of variables” (one group). 

In the control groups, it is noticeable that the gain is 
virtually non-existent in “Combinatorial” and in “Control 
of variables”; in “Correlation” the gain is lower as well, 
except in one group (Experimental 1 Pre-school). 

Regarding experimental groups, the gain is negative in 
“Control of variables” and in “Probability”, although 
barely significant in this one. And, gain is lower, besides 
in one group (Experimental 1 Pre-school) in 
“Combinatorial”. In “Correlation” this is greater than in 
control groups.  

As it can be fathomed from Table 3, considering the 
results of the gain, in Table 4, regarding the five abilities 
analyzed in the test of each group, the experimental 
groups improve especially in “Proportionality”. They 
improve also in “Probability” and in “Correlation”. In 
“Control of variables” they remain almost the same. 

In this Table 5, it is proposed the average of the three 
control groups in each of the five abilities, as well as the 
average of the three experimental groups. 

Concerning the control groups, gain is clearly inferior 
in every case, except in “Control of variables” which 
slightly increases (very little). In fact, considering all 
abilities, in experimental groups the gain is altogether 0.14 
and, in control groups is 0.06. 

7. Discussion 
The results of our future teachers of pre-school and 

elementary education in the logical reasoning test are low. 
As a matter of fact, this is noticeable comparing the current 
results with other samples taken from other investigations: 

The results, demonstrate that the proposed mathematic 
problems have been useful in order to develop logical 
reasoning. Nevertheless, this development has not been 
very significant. However, considering that learning or 
motivation are not assessed, but the development of an 
ability; this task should be carried out for a longer period 
and maybe the results would be better.  

When contrasting the hypothesis it has been noticed, 
that there was no significant difference between experimental 
and control groups. This happens regarding what has been 
said previously: since it is an ability, it changes slowly.  

In addition, the number of sessions, allocated to the 
development of this ability, has been small. Although, 
focusing on the levels of reasoning, the marks obtained in 
the tests are related to three levels of reasoning according 
to the following classification: 

- A mark in the test between 0 and 3 belongs to the 
concrete level of reasoning; 

- Between 4 and 6 to the transitional; 
- And between 7 and 10 it is the formal level of 

reasoning. 
Thus, the three control groups were in the concrete 

level of reasoning and they do not change. 
Regarding the other three groups, they remained in the 

concrete level, and two of them rise to the transitional 
level. Therefore, even though they are small, it is true 
there are some differences between those groups that 
received help from the professor, and those who not. 

Table 6. Comparison of the results from other investigations in the logical reasoning test 

Roadrangka, Yeany & 
Padilla (1982) [30] 

Hackling, Garnett & 
Dymond (1990) [29] 

Acevedo & Oliva 
(1995) [25] 

Valanides (1997) 
[26] 

Maris & Difabio 
(2009) [27] 

Méndez & Souvirón 
(2015) [35] 

Students of chemistry Teachers from high 
school sciences 

Students from 13 to 
21 years old 

Students from 16 to 
17 years old 

Student from 1st year 
of engineering 

Students of 16 years 
old 

7.73 6.74 3.70 5.59 5.60 5.05 
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8. Conclusions 

To sum up, the results achieved by students, our future 
teachers of pre-school and elementary education, are low 
comparing with different groups of students; whether they 
have or not some scientific background. In other words, 
our future teachers (of pre-school and elementary 
education) have a low ability of logical reasoning, which 
means a problematic situation, since they will have the 
responsibility to provide knowledge of mathematics and 
science to younger students in the future. 

• Subsequently, we can conclude as well that: students 
develop their logical reasoning when solving mathematic 
problems. Thus, this means an aid to understand 
more and better science and mathematics. In fact, 
this is important since it is an ability, but also because 
it might be interesting to discover any possibility to 
develop it further and easily in the classroom.  

• The experimental groups achieve higher scores than 
the control groups. Consequently, the intervention 
of the professor has proved a positive effect in the 
development of the students’ reasoning. 

• Finally, despite the result is not meaningful since it 
has held only four sessions, the existence of some 
differences in logical reasoning is clearly seen. 
However, increasing the number of sessions in the 
future is recommended. 
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