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Abstract In this work, the code ‘Laue’ was used to simulate the diffraction pattern and to investigate the effects
of varying the golden mean in a monatomic linear quasicrystal having a pseudo atomic potential. The work involved
setting the parameters of the code required to simulate the diffraction, running the code and exporting the data
generated to excel for analysis. It was found that the shape of the diffraction pattern and the background intensity for
a given value of the golden mean is unique. Both the width of the diffraction pattern and the intensity of the central
peak decrease with increasing golden mean. Results obtained illustrated the features of the diffraction by
quasicrystal and proved the suitability and accuracy of the code in simulating the dynamics of quasicrystals.
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1. Introduction
The discovery of quasicrystalline phase revolutionized
the fundamental concept of crystallography because their
diffraction has sharp pattern with rotational symmetry
incompatible with periodicity (Shechtman et al, 1984).
With this finding, the international union of
crystallography has redefined a crystal as any solid
material having an essential discrete diffraction diagram.
A periodic crystal is formed by a periodic repetition of a
single building block, the so-called unit cell exhibiting
long range translational orientation symmetry. Only 2-, 3-,
4-, and 6-fold non-trivial rotational symmetries are
allowed in the periodic crystals and their diffraction
pattern gives sharp Bragg peaks reflecting the symmetry
and long range order (Lifshitz, 1997).
In contrast to periodic crystals, quasicrystals exhibit a
long range order inspire of their lack of translational
symmetry and often possess n-fold (n=5 and >6) rotational
symmetries. Most quasicrystalline structures can be
described by using quasiperiodic tilling models by
employing two or more different unit cells (tiles) used as
the building block of the structure (Lifshitz, 1997; Lifshitz
and Mandel, 2004). An alternative model of describing
quasicrystal is the so-called “covering model” in which a
single type but overlapping tiles are arranged to span the
entire quasicrystal. These overlapping tiles are related by
an irrational number, τ, the so-called golden mean which
is related to the geometry of pentagonal and decagonal
symmetries. Also in contrast with periodic crystals, three

indices are sufficient to characterized the diffraction in 3D
structures, n integer indices (n>3) are required to generate
the diffraction vectors of a periodic crystal (Lifshitz,
2003).
Fibonacci sequence is a fundamental and a well-known
example of a 1D quasiperiodic structure exhibiting a
periodic
long
range
order
and
for

π

τ 2 cos cos
=
= 1.618… Although it does not
which
2
feature orientation symmetry, the Fibonacci sequence
illustrate many important properties of quasicrystals which
can be generalized to 2D and 3D quasicrystals. Fibonacci
sequence is built from two elements; b (large) and a
(small). The sequence can be generated by a substitution
rule b → ba and a → b . The resulting sequence is
Generation
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.
.
.
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2
3
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The frequencies of b and a in each sequence and the
ratio of the successive Fibonacci number is the golden
mean, τ (Lifshitz, 2003).
The history of quasicrystal begins with the paper of
Shechtman et al in 1984 titled “Metallic Phase with Longrange Orientation Order and No Translation Symmetry”,
where the authors demonstrated a clear diffraction pattern
with a fivefold symmetry. The pattern was recorded from
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an Al-Mn alloy which has been rapidly cooled after
melting. In 1985, Ishimasa et al reported twelve fold
symmetry in Ni-Cr particles. Over the years, hundreds of
quasicrystals with various compositions and different
symmetries
have been
discovered. The first
quasicrystalline materials were thermodynamically
unstable-when heated. The first of many stable
quasicrystals were later discovered making it possible to
produce large samples for study and opening the door to
potential applications (Cahn, 1996).
In 2004, Ferralis et al investigated the diffraction from
One- and two dimensional quasicrystalline gratings on one
dimensional quasicrystal using two different approaches:
laser diffraction and calculated diffraction method using
Fibonacci series. The research suggested that, laser
diffraction allows an inductive approach for understanding
complex aperiodic structure, and can provide educators
with an innovative tool for introducing and extending the
traditional concept of diffraction.
Theoretical work on the diffraction pattern for an ideal
model of quasilattice in which identical atoms are placed
at each point of the lattice gave results that are in
agreement with experimental observation (Shechtman et al,
198).
To generate a quasicrystal pattern, so called projection
methods have been developed (de Bruijin, 1981).
Projection methods are mathematical constructs that
project sections of hypercubic lattice onto lower
dimensional spaces. The first such projection was given
by de Bruijn (1981) as reported by Latvin (1988), where
he showed that the vertices of the two-dimensional
penrose pattern of darts and kites can be generated by
projecting hypercubic lattice into a one-dimensional array.
In this work, the effects of varying atomic spacing ratio
are investigated on one-dimensional quasicrystal material
using the code ‘Laue’ written by Silsbee and Drager
(2005). Laue is based on the projection technique,
however, unlike traditional projection work, in which the
emphasis is entirely on the diffraction pattern, the code
can provide additional data that can be used to
characterize the quasicrystal. The Laue code has provision
for four types of atomic potential shape. Pseudo potential
is the atomic shape that describes the position that does
not correspond to an actual atom in a molecule but is some
sort of average of position of the real atoms. Pseudo atoms
are very useful in molecular modeling for energy
calculation. A pseudo atom may have the same properties
as a real atom (Ishimasa et al, 1985).

2. Diffraction Pattern of Quasicrystal
The diffraction patterns of the quasicrystal consist of a
set of Bragg peaks that densely fill reciprocal space in an
array with quasicrystal symmetry. Consider the case of
one-Dimensional quasicrystal with atomic position of the
Nth atom given by;

1 N

XN = N +α +  + β ,
τ τ


(1)

function. This particular example is central to studying the
pentagonal and icosahedral quasilattice. The atomic
position of the 1D (Fibonacci) quasicrystal described by
Eqn. (1) may be re-expressed as;
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n 1 + 2
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where {


+β 5

} signifies the fractional part
5
1 

function and we have used the fact that 1 + 2  =
5 . An
 τ 
identity is=
X [ X ] + { X } . The function { X } is periodic
in X with period 1. This expression is of the general form;
(3)
X n = na + ϕ + F (na + ϕ )

F ( x ) is periodic in x with period b, and is
irrational. Expressions of this variety arise in the study of
Frenkel-Kontrova model (Hatano. 1999), which describe a
1D incommensurate crystal. The Fourier transform of such
a set of atomic positions consist of Bragg peaks at
positions
where

=
K

2π M 2π N
+
a
b

(4)

where M and N are integers. This result may be obtained
ikF na +ϕ )
appearing in the
by expanding the exponential e (
expression for the transform in a Fourier series of its own
and employing the completeness relation for complex
exponentials. For our case, this means that there will be
peaks at
2π 
q
K pq ≡
p+ 
1 
τ
1+

τ2

(5)
where p and q are integers. With this in mind, we will
compute the diffraction pattern (i.e. Fourier transform of
the 1D. quasicrystal of Eqn. (2)
1
(6)
Fi ( K ) = lim lim
∑eiKX n ,
N →∞ N →∞ N
where we are summing over the N atomic position in the
chain. First consider Fi ( K ) for K of the form K = K pq as

1

define in eqn. (5). Noting the identity 1 + 2
 τ
exponent in eqn. (6) is given by;
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Where τ= golden ratio; α and β are arbitrary real
K pq 

N

+iK pqα − i  2π q −
numbers and  + β  represents the greatest integer
β
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n

The first term in the expression 2π i ( pn + q  + β  ) is
τ


an integer times 2π i and therefore only yield a factor of
unity upon exponentiation. The last two terms
K pq 

iK pqα − i  2π q −
 are independent and contribute to
τ 

n

the sum in an important fashion. Since 0 ≤  + β  ≤ 1 ,
τ

K

pq   n

the second term i  2π q −
  + β  lies between zero
τ  τ


K pq
since τ is an irrational
and ix, where =
X 2π q −

τ

number, the value of the second term is uniformly and
densely distributed in the interval (0, X), enabling us to
approximate the sum in eqn. (6) by an integral;
X
X
sin sin
ei iy
2 eiγ ,
(8)
Fi ( K ) =
e dy
=
X
X ∫0
2
K

X
pq 
where ≡ K pqα −  2π q −
 β and γ ≡ + . Equation
2
τ


(8) is the value of Fi(K) for the special values K = K pq ,
which we argued, correspond to the position of Bragg
peaks. Thus we conclude that

X


 sin sin 2 iγ 
Fi ( X ) ∑ 
e  δ K − K pq ,
=
X

pq 



2

(

)

(9)

Those familiar with the computation of the Fourier
transform of 1D quasicrystal via projection method will
recognize that the two methods agree exactly. The
brightest spots occur for those K=Kpq where X is small.
This occurs when q/p is close to τ. It is well known that
the best rotational approximants to τ occur when q and p
are successive Fibonacci number Fn. This means that the
sequence of most intense peaks corresponds to
( p, q ) = ( Fn +1 , Fn ) (Levine, 1985) [14].
The diffraction pattern of a quasicrystal is one of its
most distinctive features, the pattern consist of a set of
Bragg’s peaks that densely fill reciprocal space. This
result can be understood intuitively by considering the
case of 1D quasicrystal with atomic position given
equation (1). The equation can be divided into a sum of
two functions that describe periodic spacing but with
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incommensurate periods. If the first term were kept, the
diffraction would consist of Bragg peaks space
periodically in reciprocal space with some fundamental
period K0. Because the second term is incommensurate, it
leads to Bragg peak at some incommensurate reciprocal
space period K1. The full pattern then consist of the union
of the two sets of peak plus peaks at linear combination of
K0 and K1. Because the two are incommensurate, the
peaks densely fill reciprocal space in a countable nonfractal way (Levine, 1985).

3. Methodology
The code, “Laue” written by Silsbee and Drager (2005)
was employed in this work. Basically the code computes
the electron density and diffraction pattern of a onedimensional array of atoms. The one-dimensional crystal
is represented by its real-space electron density which is
generated from superposition of atomic electron densities.
The corresponding diffraction is then computed as the
square of the Fourier transform of that electron density. To
compute the diffraction pattern (Intensity) of the electron
density, “Laue” uses a Fast Fourier Transform (FFT)
routine. The intensities are normalized to give a height for
the central peak of one for the monatomic quasicrystal
(Silsbee and Drager, 2005).
The program has two main output windows for
displaying the electron density and diffraction pattern
respectively. The code has eight menus namely: Quit,
Display, Configure, Presets, Help, Material, Modulation
and Calculate. The material menu allows user to select the
type of material to be simulated. The possible options are
Monatomic crystal, Diatomic crystal, Single atom, Pair of
atoms, Liquid and Quasicrystal. In the case of simulating
quasicrystal, the program has the following variables:
Lattice constant, Size of atom, the Spacing ratio and Atom
shape. In this work the atomic potential was first chosen to
be Gaussian, and then followed by Pseudo and
Exponential and in each, the diffraction pattern was
observed and analyzed.
The lattice constant and the size of the atom were set to
4.0 Å and 0.1 Å respectively and the atomic potential was
chosen to be pseudo. The atomic spacing ratio was set to
be 0.1 and then the simulation executed. The data for the
diffraction pattern was then exported to excel for further
analysis which includes among others, the computations
of the width of the diffraction pattern and the separation of
the Bragg planes. This was repeated for atomic spacing
ratio of 0.2 to 2.0 Å.

4. Results

Figure 1. Diffraction pattern for Quasicrystal using pseudo potential with τ= 0.1 and 0.3
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Figure 4. Diffraction pattern for Quasicrystal using pseudo potential
with τ= 1.2 and 1.4

Figure 2. Diffraction pattern for Quasicrystal using pseudo potential
with τ= 0.5 and 0.7

Figure 3. Diffraction pattern for Quasicrystal using pseudo potential
with τ= 0.9 and 1.0

Figure 5. Diffraction pattern for Quasicrystal using pseudo potential
with τ= 1.5 and 1.7
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Figure 7. Variation of the Central Peak Diffraction Intensity with
Atomic Spacing Ratio

5. Discussion

Figure 6. Diffraction pattern for Quasicrystal using pseudo potential
withτ= 1.9 and 2.0
Table 1. Variation of width of diffraction patter with atomic spacing
ratio
τÅ
Width(Å)
0.1
222.5750
0.2
196.1101
0.3
174.6926
0.4
158.4337
0.5
144.5485
0.6
132.9011
0.7
122.9906
0.8
114.4557
0.9
107.0285
1.0
100.5064
1.1
94.7336
1.2
89.5579
1.3
84.9724
1.4
80.8092
1.5
77.0348
1.6
73.5974
1.7
70.4536
1.8
67.5677
1.9
64.9083
2.0
62.4506

From the Table 1 above it was observed that the width
of the diffraction pattern decreases as the golden mean
increases. An increase in golden mean decreases the
intensity of the central peak as shown in Figure 7. This
can be practically predicted that for large number of
golden mean the intensity of the central peak will reach
zero. However unlike periodic monatomic chain, the
diffraction pattern of quasicrystal produces a unique
diffraction pattern for each value of golden mean (Figure
1-6). At a value of 1.0 Å for the golden mean (Figure 3),
the diffraction pattern resembles the pattern produced by
monatomic chain. Also for values of 0.5 (Figure 2), 1.5
(Figure 5) and 2.0 (Figure 6), the diffraction patterns
resemble monatomic chain but with growing supper
lattices between the already existing peak and hence make
the pattern denser than the real monatomic chain. Lastly, it
was observed that the density of the diffraction patterns of
the above mentioned values are less when compared with
golden mean of the remaining values chosen. This is
because the supper lattices appeared to have more side
bands than the others.
The decrease observed in the intensity of the central
peak as the golden mean increases can be attributed to the
fact that, the spacing between the ith and (i+1)th atom is
given by the lattice constant if the ith position in the
Fibonacci chain is 0, otherwise the separation is given by
the lattice constant times the spacing ratio. Thus the
golden mean (spacing ratio) cannot be infinitely increased
because any increase above a certain maximum will result
in placing the ith atom outside the ith cell. Thus as the
golden mean is increased the separations between the
atoms in the neighboring cells decrease, thereby resulting
in the decrease in the intensity of the central peak as
observed.

6. Conclusion
In this work the code “Laue” has been used to simulate
the diffraction pattern and investigate the effect of varying
the golden mean in a monatomic linear quasicrystal
having a pseudo atomic potential. It has been found that:
The shape of the diffraction patterns and the
background intensity vary in a complicated manner with
the golden mean and that each golden mean results in
unique diffraction pattern and background intensity.
The width of the diffraction pattern decreases on
increasing the golden mean.
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The intensity of the central peak decreases on
increasing the golden mean
As expected, the diffraction pattern at the golden mean
of 1.0 Å is exactly the same as that of a monatomic onedimensional crystal.
In conclusion, the laue code has proved to be suitable
and accurate in simulating the diffraction pattern of
monatomic quasicrystal chain.
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