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Abstract In this article we study the retrospective inverse problem. The retrospective inverse problem consists of
in the reconstruction of a priori unknown initial condition of the dynamic system from its known final condition.

Existence and unigqueness of the solution is proved.
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1. Introduction

In this article we study the retrospective inverse
problem. The retrospective Inverse problem consists of in
the reconstruction of a priori unknown initial condition of
the dynamic system from its known final condition. The
direct problem of heat conductivity is well-posed; the
inverse problem is not well-posed. In mathematics the vast
majority of inverse problems set not well-posed - small
perturbations of the initial data (observations) can

correspond to arbitrarily large perturbations of the solution.

The French mathematician Jacques Hadamard in 1939
defined, the problem is called correct or well-posed
problem if a solution exists, the solution is unique, the
solution’s behavior hardly changes when there’s a slight
change in the initial condition. If at least one of these three
conditions is not fulfilled, problems are termed ill-posed
or not well-posed. The most often in the case of ill-posed
problems of the third condition are violated the condition
of the stability of solutions. In this case, there is a
paradoxical situation: the problem is mathematically
generated, but the solution cannot be obtained by
conventional methods. A classic example of ill-posed
problem is retrospective problem for heat equation on the
real axis. Mathematically retrospective problem leads to a
Fredholm integral equation of the first kind:
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in  which f(x) - is the initial distribution of the
temperature field, G(t, x) - is the distribution of the fields

in the moment of time t. As shown in [1], the solution of
equation (1) expressed by the formula:
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2. Problem Statement

In the inverse problem of heat conductivity the initial
distribution of sources is unknown. The initial distribution
of sources generates the specified temperature distribution
in an infinite piecewise-homogeneous rod. In
Mathematical statement of the problem consists in finding
a solution separatist system (n+1) equations of parabolic

type
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on the initial conditions
uj(t,x)|t=0 = f;(x),x eIy, (4)
on the boundary conditions
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here u(t,x) - unknown function, f(x) - set function,
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ar‘ﬁ]i,ﬂn‘ﬁi,yr',‘ﬂ,@';i, - given real number, in which the
condition of unlimited solvability of the problem

considered fulfilled [2].
The solution to problem (3)-(6) is of the form:

n+1ls+1
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Where H(t, %, &), k,s=1,..,n+1 - influence

function [2] of the mixed boundary value problem.
Retrospective problem for the heat equation in the case
of infinite piecewise-homogeneous rod consists in the
determination of the unknown initial distribution of
sources f (x), which generates the specified temperature

distribution u(z, x) in the moment of time t=r.

3. Transformation Operators

Method of transformation operators is used to solve the
problem [2]. Necessary definitions from [2,11,12]. The

J:f>f f and 37 o 5 F
transformation operators are set equalities:

direct inverse

()= T w(x,z)[ Of e f (é)df}u,
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f(0= je 'ﬂf{j ¢ (£, z)f(&)df]dz
Here o(x,4),¢ (x,4) - are the eigenfunctions [13,14]

of the direct and coupling Sturm-Liouville problems for
the Fourier operator in piecewise-homogeneous axis In.
Eigenfunction
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is a solution of the system of separate differential
equations

(X, A) =
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on the coupling conditions
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on the boundary conditions
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Similarly eigenfunction
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is a solution of the system of separate differential
equations

2
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With the coupling conditions
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on the boundary conditions
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Let for some A of the considered boundary value
problems have nontrivial solutions ¢(x,2),¢ (x,4) , in
this case the number A is called the eigenvalue [13,14],
corresponding solutions ¢(x, 1), (x,4) - is called the

eigenfunctions of the direct and coupling Sturm—Liouville
problems, respectively. In the further we shall adhere to
the following normalization of eigenfunctions:

1
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4. Analogues of the Hermite Functions on
Piecewise-Homogeneous Real Axis

Let define analogues of the system the Hermite
functions on piecewise-homogeneous real axis:

Hin(0= | ¢(x,l)Hj(%jd/l,

H’;Yn(x) = Of @ (X, A)H; (Zﬁ/l)dl

where H ;- the system of the classical orthogonal Hermite
functions [1].

Lemma 1. Functions form

Hin().H] ()

biorthogonal system of functions
homogeneous real axis.

Proof. We have the equality:

by piecewise-

]@ HjnOOH, , ()dx =

- j[] o(x, A)H ju)cm}[ | co*(x.mHk(ﬂ)dﬂ]dx

We change the integrals of places, we get:
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T Hj,n(x)H;n (x)dx =
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On the decomposition theorem, we have:
He ()= | go(x,z)[ | ¢*(X,ﬂ)Hk(ﬁ)dﬂJdX

Consequently,
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—00 —00

5. Main Result

The problem of determining the initial distribution of
the temperature field f(x) mathematically leads to the

separate system of integral equations:

n+1|s+1
> | His(@x &)1 (£)dé =u(z,%). ®

s=1 Is
k=1..,n+1.

Method of transformation operators applicable to
solving separate system of integral equations (8).
Theorem 1. If the function u(z,x) € S'(R) and for her

the condition

2
e 1+ 4%)*20(r, 1) e Ly(R),

that the separate system of integral equations (8) has a
unique solution f(x)e H4 (I,) (definition H5 (1) [6]),
is according to the formula:

f()= Z

D (u)
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where

D, (U) =% T (i) a(z, 2)d .

Proof . Let’s apply the transformation operator It to
separate system of integral equations (8). As a result come
to a model integral equation (1). Let’s apply the operator
J in both parts of the obtained equality (9); as a result,
taking into account the continuity of the operator J , we
find the unknown distribution of temperature:
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Let’s calculate numbers G(j)(O).

a(0) = %i(u)i [ie—mf G(é)dé]dl,

from the definition of the operator conversion of J the
equality follows:
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Thus,

i) = ii(u)ia(r, A)dA.

6. Retrospective Problem for Iteration
Heat Equation

6.1. Homogeneous Case
Let U(z,x),x e R - decision iteration heat equation
+1
[%—;X—Zz]q G(t,x)=0,(t,x)e D
limited on the set
D=(0,0)xI,={(t,x):t>0,xe R},
with initial conditions
G;(0,x) = f;(x),xeR
where the designation is accepted:

G; (t, x) :%G(t,x),i =0,...,0.

and boundary conditions

I
a—u(t X) =0,
ox' N
o
—u(t X) =0,i=0,..,9
6)( X=+0

We consider the problem of determining of initial
values fi(x),i =0,..,q of the system of functions
Ui (z,x),i =0,...,q, that is on known to the solution and its
derivatives up to order ¢ attime t=7.

Let Vi(r,x),i=0,..,q -
equations:

solutions of model heat

2
E—a— Vi(t,x)=0,(t,x) e D,i=0,.,q (10)
ot ox?

with initial conditions
Vi(0,x) = fi(x),xeR (11

boundary conditions

=09 (t,x)|X:

Vi (t, )] b =0i=0,.,q. (12
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Direct check shows, that the system of functions
dependent. G; (7, x),i =0,...,q, and V;(z,x),i =0,...,q.

Lemma 2. The system of functions G;(z,x),i =0,...,q,
and Vi (z,x),i =0,...,q is connected among themselves by
equalities:

Vo(7,%) 0 Uo (7, %)
=1(D%) Y “ktr(-D?)] .. (13)
R o K! N
Vq(7,%) Ug (7, %)
F(DZ) - is operator matrix:
D° 0 0 0
D2 D° 0 . 0
r(p*)=| p*  2p? D° .. o0 |
0~2q 1~29-2 220-4 g0
CqD CyD CqD CqD
Jy - is matrix of size (q+1)x(q+1) where the

diagonal connecting elements 1y 1,7q41-k,q+1, CONSIsts
of units, and all other elements are equal to zero.

Theorem 2. If the condition
2
e A1+ A%) 12 E[G1(, 4) € Ly(R), ..., i =0,..,q, s
fulfilled for the system of functions
Ui (r,x) e S'(R),i =0,...,q, then:
] ,[DE0]| ]
N iHJ[Lj (14)
. e j! 2z
fq (x) D (7,0)

and f(x) e H¥(R),i=0,...,q, values Vi (z,x),i=0,...,q
must be taken from the formula (13).
Proof. Let's apply the formula (9) to each of (q+1) the

initial conditions fi(x) in the model problems (10)-(12).
As a result we come to (14).

6.2. The Case of Piecewise-homogeneous Axis

Let the initial distribution is unknown, it generates the
specified distribution at time

(0 = 2 0(x=lk_1)0( —X) i (x) +
k=2

+0(h —x) fi () +0(x= 1) fi 1.1(X)
it generates the specified distribution at time t =17 :

U (z,X) = > O(x=l_1)0(Ix = X)ugi (7,X) +
k=2

+6(l — X)Up1 (7, X) + O(X =1 )Ug 41 (7, %),

Ugm (t,X) - is the decision of the separate system of
differential equations

q
o &
{E_@(_ZJ uOm(t,X)=0, (15)
(t,x)e D,m=1,..,n+1

the specified distribution at time t =7 of the function
derivatives ug(z, x) up to order qincluding:

Ui (7,%) = > 0(x =l _1)A(lx —X)ujy (7, %)
k=2

+0(h = X)ujp (7, X) + O(X =1 )Uj 41 (7, X),
o' .
Uim :Eu()m (z,x),i=1,...,q,
initial conditions
Ui (0,%) = fim (X), x e Iy, m=1,..,n+1 (16)

boundary conditions

i
a—-U01('f, X) =0,
ox! o
ai
— Up.nsa (6, X) =0,i=0,..,0. (17)
GXI X=+00
and coupling conditions
2g-1 i 20-1 i
kK 0 k
Z m1 Yok = Z m2 7 Uok+1: X = I, (18)
i=0 OX i=0 OX

are satisfied,

Here a‘j(syi;j=1,...,2q,s=1,2,i=O,...,2q—1 -are set
real numbers at which the condition of unlimited
solvability of the problem (26.15)-(26.18) is fulfilled.

Search of the decision leads to the separate system of the
integrated equations:

n+1ls+1

Ut =D | Higtx&)fis(@de  (19)

s=1 Ig

Here

€0 D)= [ 220 00l €2,

i=0,..,0;k,s=1...,n+1,

n

P(x,A) = 0(x=lk_1)O(1x—X) A (X, A)

k=2
+ H(I 1—X)¢1(X, l) + H(X - In)¢n+1(xl /1):
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¢,¢* - are the eigenfunctions of the corresponding to

direct and dual Sturm-Liouville problems [5]. They are
connected with this mixed boundary problem (15)-(18).
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Application of the transformation operator 371 leads the
studied task to the uniform case, that is to the problem
(10)-(12).

Truth of the result is established by the scheme
proposed in the proof of theorem 2:

Theorem 3. If the function u;(z,x) € S'(R),i=0,...,q

for each of them the condition is fulfilled

2
e A L+ AH) TP F[31(2) € La(R),
that system of the separate integrated equations (26.19)

fo(X)
has the unique solution e HF (1,,) the solution is
fq (%)
found by the formula:
fo() DjVo(X)
\f Sin i Hin(x), (20)
=0

where

Dy (u) :% j (i2)) F [v 1(A)d A,k =0,...,q,

Ug (7, %)
=I(D )Z kk t“r(-D?)| . ,

Vg (7,%) k=0 uq (z,X)

Vo (7, X)

F, - is the Fourier transform on the piecewise-
homogeneous axis with the coupling points [5].

7. Power Function with Discontinuous
Coefficients and its Application

We consider the Fourier transform of the Delta function
[15]

0

FI6(]= | e X s(x)dx =1,
consequently

-1r17_ 1 T —iAX gy _

F [1]_5_{: dx = 5(2).

We find as a consequence

Tk 45 [T iz -k ok
F[x le — Je" Xdx | = 27i% 6% (A).
dA™ { =,
Let’s define analog of the power function as follows

k
XK = (iy¥ 0 ¢(>:/1) P
oA

We find equality from the definition of the

transformation operators

J[xk}:xﬁ;.]_l[x,ﬂ:xk.

The last equality means that the power function with
discontinuous coefficients is obtained by the action of the
transformation operator to the power function.

Theorem 4. The ratio connects the generalized power
function and differentiation

d2
d7xr'§ =k(k —1)x<2

Proof. We have a chain of equalities
d? [y d? d?
sttt

= J(k(k —1)x¥"2) = k(k —1)xK 2

8. Retrospective Problem for the System
of the Diffusion Equations
Let’s return to the solution of the separate system of

integral equations (8) in space of the generalized functions
[16]S’

0

f(x) =% [ e p(x, 1) [# (& ededa @)

—0o0
k=1..n+1.

We will convert the found solution. An analogue of the
Taylor series for the function u(z,¢) is of the form

u(r, &) = i ‘( ) (22)
From decomposition theorem have
n+l «© Is+1
u(r ) =~ Z [ o0 2) [ g (xE)us(z.&)déd A (23)
=1 Is

Let’s find the decomposition of the generalized Taylor
series for eigenfunction from definition of the generalized
power function

=, (i2))
pix,2)= 3 Ly
j=0 I’
Let’s substitute this decomposition in a formula (22)

and let’s integrate term by term. We come to the formula
(23) in which

n+l © Is11
uj(z) = Z [ QD) [ g (x&us(z,e)ded . (24)
s=1 -0 Is

Let’s substitute decomposition of eigenfunction ¢(x, A)

in the generalized power series in a formula (21) we will
receive
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f(X)=% j e’121¢(x A)jqﬁ (x, 5)2 '(_) Jdeda
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Z::!T

“gix, z)jqﬁ (& 1)éddeda
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’12T¢(x, A)2xilsi(A)da
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4 (D [ a’.(eﬂw(x,ﬂ))ﬂﬁl(z)dz
=04

[
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where designation is accepted

in (X),

Hjn(X) = (i) 6—1-(812%(& l)j
o’

=0

Thus, the solution of the retrospective problem (21) is
obtained.
Remark 1. The generating function for the H j, () is

the form
2 * Hip(x
e AT H(x,—iA) = ZL()AJ
o 1
1 iAX
Corollary 1. If to choose tzg,n=1,¢(x,/1)=e

then we obtain

© H.. (X )
e 2 M= Z—J_l( )/1’,
= j!
j=0
functions H jl(x) -are the classical Hermite polynomials.

9. Retrospective Problem for Fractal
System of the Diffusion Equations

Retrospective problem for fractal system of diffusion
equations in the space of generalized functions S’ leads to
the separatist system of integral equations:

f(9 == [ Eaati2)x ] ¢ (x u(z. dgd 2, (25)

k=1...n+1

where E, ;(z) - the Mittag-Leffler function [9].

We get the solution of the fractal retrospective problem
repeating reasoning’s from paragraph 7.

. ’-(|)

j=0

H jn (%),

where designation is accepted

Hin (x)= ()] %(Ea,l(ﬂzr“)qf(x,z))

A=0

You can find the generating functions for H j, (x):

anl(—ﬂzr“)qﬁ(x,—iﬂ) Z ‘:() (26)

j=0

We find the explicit expression for the
functions H j, (x) . We find decomposition of the left part

of the formula (26) in the Taylor series

Eall(—izr“)gé(x,—iﬂ)
K leTak o0 ﬂm m

-2 () Fka +1),2 mi "

k T m
) | —
.( ) r(ka+1)m!X”

k .
(D%
'k

¢ T(kar +1)(j—2k)! "

We get the expression, comparing the two views

Hjn(x)

B} (_1)k AN TR
)= Y
Hin®= 2 raoniozor

k=0

If n=1, the formula takes the form

H
2] (~1)F 2%
Hu®0=2, (ke +1)(j - 2k)!

k=0

j—2k

Define a "fractal" generalization of the Hermite
polynomials
I
2 .
-1 it .
M= 3 — I i
oo L (ke +1)(j —2k)!

then the solution of the fractal retrospective problem

has the form
X a
Hi| —|,.=—.
J(rﬂ] 2

Corollary 2. In the hyperbolic case o =2,n=1 the
solution of the retrospective problem has the form

© . i
9= 3 50 (X5

j=0

© . Bi

j=0

Where

Hj(x):% (D" j!

koo ((2K)D(J - 2k)!
j

Xj—2k

@27

2 .
-y (_1)kCJgkXJ—2k
k=0

@)+ 1-x)!
-
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Proof. We replace A for iA in formula (16) for the
solution of the direct problem. As a result, we get the
formula

o0 fTﬁJ * X . r )
u(r,x):Z‘_—Hj[r—ﬁ}Hj(z):llHj(—lz).

jo I
We use the formula (26)

H (%) = (=) a—J.(COS(lz’)eMX)
orl

=1(_i)ja_J_(eii(r+x)+eu(T_x))

2 orl A=0
X))+ (e-x)
_ . ,

In the end we find the solution of the Cauchy problem
for the hyperbolic equation

(r+x)] +(-x)]
2j! '

f(x)=§:uj(r,0)

j=0
Thus,

_u(r, 7+ X)+u(r,7—X)
5 .
Remark. If, as an example, take

f(x)

ut,x)=g(x+t—z)+g(x—-t+7z),
the u(z,x) =2g(x) and, so,
f(X)=g(x+7)+9g(x—7)=u(0,Xx).

10. The Inverse Dirichlet Problem for a
Half Plane

Solution of the inverse Dirichlet problem for the right
half-plane has the form:

f(y)=Re= [ [ el p)dnd s (28)
T
0

—00

Let’s repeat the above reasoning. Let’s receive

expressions for analogues of Hermite polynomials:

LTI
H i1 (x) = Re(=i)) —(e*'e"Y
(0 =Re(-) “ 7 e

. . iJ _1iyJ
— Re(-i) (1 +iy) i = ) ;(y U
As a result for the solution of the inverse Dirichlet

problem we receive the representation in the form of the
sum of the Taylor series:

© i i —liy}
f(y)=zu (jI!,O) (y+1i) er(y Ii) .

j=0

Corollary 3. If the function f(y) admit continued
with the real axis of the complex plane as a whole, the

f(y)=Reu(l,y+1i).

Example 2. Let u(x,y):(x—l)z—y2 , then

u(l,y) = —y2 therefore, we find

f(y) = Re(~(y +1))?) =12+ y? =u(0, y).

11. Conclusion

In this article the formal solution of the retrospective
problem is provided. The third aspect in determining the
well-posed problem is not taken into account. Theorem of
existence and uniqueness of solution are given. From the
analysis of the formula (9): the solution of the
retrospective heat problem with discontinuous coefficients
is received by replacement in the final result of the
Hermite functions [1] on the Hermite functions with
discontinuous coefficients, defined in the article. The

derivatives G/ (0) are necessary to replace on D, (u) . The

noticed analogy allows hoping on the possibility of
obtaining the solution of problems of mathematical
physics in which the Hermite functions with discontinuous
coefficients.
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