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Abstract The paper deals with kinematic model of parallel mechanism equipped with elastic members. The main

aim is to determine the workspace of particular point of the mechanism in order to designing of whole mechanism
for the future. Whole mechanisms should consist of several same segments which creates concept of serial
mechanism. Since there is investigated parallel mechanism, at first has to be solved inverse kinematic model in order
to obtain generalized variables, which are necessary for direct kinematic model. In the paper Jacobian matrix is
derived for investigated mechanism. Then the algorithm for inverse kinematic model is described. The inverse
kinematic model uses damped least squares method which appears as suitable method for our purposes. The results
of inverse kinematic solution is consequently used for direct kinematic model, which is described by homogeneous
transformation matrices. The planar parallel mechanism is simulated in software Matlab and the results are
expressed in the graphs as well as our approach is discussed in the conclusion.
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1. Introduction
In the paper is investigated planar parallel mechanism,
which is one part of whole positioning system consisting
of the same parallel mechanisms (segments). These
individual parallel segments (closed chains) forming one
serial mechanism (open chain). The system is analyzed
and designed for positioning of cryomagnets for Compact
Linear Collider.
The precise positioning of cryomagnets is realized by
complex of robotic modules with extremely high precision.
One segment of mentioned serial mechanism is considered
as planar parallel kinematic mechanism allowing motions
in junction plane (the plane, where next positioning
mechanism – segment is connected into concept, so-called
snake-like positioning system), see Figure 1.

Blue color represents linear actuators by which the one
segment is positioned. Simplified model of designed
system in the Figure 2 is shown.

Figure 2. Simplified model of investigated system

The designed positioning system is composed of many
same segments. In this work will be considered only
vertical linear actuators. Under the actuators are placed the
elastic members in order to change the properties of
designed mechanism. Deformation of these members is
conditioned by applied forces on mechanism and therefore
they will be considered only as dependent generalized
variables within the kinematic model.

2. Kinematic Analysis of Simplified
Model
Figure 1. Preliminary design of positioning system

The kinematic analysis deals with simplification of
model, presented in the introduction. There are several
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approaches for investigation of kinematic model of
parallel mechanism. Our approach is based on replacing
parallel mechanism with serial mechanism and solving at
first the inverse kinematics instead of direct kinematics. [1]
Simplified model of one segment in the Figure 3 is
shown.

Figure 3. Kinematic scheme of simplified model of investigated planar
parallel segment

In the Figure 3, the red color shows elastic members
which will be represented by dependent generalized
variables. Black color shows the construction of investigated
planar parallel segment. In the points A and B are placed
linear actuators which are represented by independent
generalized variables. As can be seen from this figure,
there is parallel (closed chain) mechanism which is fixed
with ground in two points (A, B). The variables q1 and q5
represents linear actuators by which whole construction
can moves and be positioned according to requirements.
The aim of this study is to investigate the workplace of
control point E. By knowing of workspace of point E can
be evaluated weather the range of linear actuators motion
is suitable.
The vector of generalized variables is
𝐪𝐪 = [𝑞𝑞1 𝑞𝑞2 𝑞𝑞3 𝑞𝑞4 𝑞𝑞5 ]𝑇𝑇

(1)

where 𝐪𝐪 ∈ ℝ𝑛𝑛 and n is DOF (degrees of freedom) of
mechanism. To find the workspace of control point E can
be applied following view. The mechanism is fixed with
ground in the point A and the point B is float point. By
this consideration can be whole mechanism investigated
as mechanism with serial kinematic structure, see Figure 4.

tasks. Now, the task is to find such configuration of
generalized variables 𝐪𝐪 ∈ ℝ𝑛𝑛 , in which the point B will
have position of fixation with ground, according to initial
position in the Figure 3. The point B has to be in the
position [d,0], see Figure 5. [5]

Figure 5. Simplified model for inverse kinematic task

In other words, at first the inverse kinematic solution
have to be find and then can be investigated the workspace
of point E by direct kinematic model.

3. Algorithm for Finding of Workspace of
Parallel Mechanism
One of the key elements within tasks of kinematics and
dynamics of industrial robots and manipulators is Jacobian
matrix J. Using numerical approach for solving introduced
problem is necessary to described Jacobian matrix
𝐉𝐉 ∈ ℝ𝑚𝑚 ×𝑛𝑛 , where m represents dimension of main task
(what in the case of planar task is 2) and n is DOF of
mechanism.
The position of the point B relative to point A is
=
xB L2 sin q2 + L3 sin ( q2 + q3 ) + L4 cos ( q2 + q3 )
− L3 sin ( q2 + q3 ) + L2 sin q4

− L1 − q1 − L2 cos q2 − L3 cos ( q2 + q3 )
yB =
+ L4 sin ( q2 + q3 ) + L3 cos ( q2 + q3 )

(2)

(3)

+ L2 cos q4 + L1 + q5 .

Particular elements of Jacobian matrix are based on
derivation of functions 𝑥𝑥𝐵𝐵 and 𝑦𝑦𝐵𝐵 according to particular
generalized variables of vector q.
 ∂xB
 ∂q
1
J=
 ∂yB

 ∂q1

Figure 4. Different view on investigated mechanism – serial kinematic
structure

Mentioned simplification changes the situation and the
task of direct kinematic model is now divided into two

∂xB
∂q2

∂yB
∂q2

∂xB 
∂qn 
.
∂yB 
…

∂qn 
…

(4)

It is usually very difficult to find analytical solution for
inverse kinematic tasks, in most cases it is impossible,
especially for kinematically redundant mechanisms. From
this reason is often used numerical approach, based on
[2,4]
𝐪𝐪̇ = 𝐉𝐉 −1 𝐱𝐱̇

(5)
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where 𝐱𝐱 ∈ ℝ𝑚𝑚 . The equation (5) is solved by iteration
cycle
𝐪𝐪𝑗𝑗 +1 = 𝐪𝐪𝑗𝑗 + 𝐉𝐉 −1 (𝐱𝐱 𝐷𝐷 − 𝐱𝐱 0 ).

(6)

‖𝐉𝐉∆𝐪𝐪 − ∆𝐱𝐱‖2 + 𝜆𝜆‖∆𝐪𝐪‖2

(7)
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the Figure 6, the particular local coordinate systems are
shown and position of control point E is investigated
related to the GCS.

The equation (6) can be used for non-real-time
applications. Vector 𝐱𝐱 𝐷𝐷 is vector of required positions of
end-effector (point B) and 𝐱𝐱 0 is vector of initial values of
point B. Since, Jacobian matrix is not square matrix but
matrix with dimension 𝑚𝑚 × 𝑛𝑛, there has to be used any
method for Jacobian matrix modification like pseudoinverse
of Jacobian matrix (Moore-Penrose) or its transposition,
etc. In our case will be used damped least squares method
based on following relation [3]
where λ represents nonzero constant. By means of
mentioned method can be solved problems around
singular states of mechanism. Final solution is given by
∆𝐪𝐪 = 𝐉𝐉𝑇𝑇 (𝐉𝐉𝐉𝐉𝑇𝑇 + 𝜆𝜆2 𝐈𝐈)−1 ∆𝐱𝐱

(8)

where 𝐈𝐈 is unit matrix. The solution of inverse kinematic
task can be expressed by following algorithm.
Algorithm 1: Inverse kinematic solution
1: CYCLE FOR 1
2: Definition of new generalized variable 𝑞𝑞1
3: CYCLE FOR 2
4:
Definition of new generalized variable 𝑞𝑞5
5:
CYCLE FOR 3
6:
Definition of new generalized variable 𝑞𝑞2
7:
CYCLE WHILE 1
8:
Calculation of Jacobian matrix J
9:
Determination of point B position
considering updated variables 𝐪𝐪 ∈ ℝ𝑛𝑛
10:
Calculation of generalized equation
𝐪𝐪̇ = 𝐉𝐉 −1 𝐱𝐱̇
11:
Rewriting 𝐪𝐪𝑗𝑗 +1 = 𝐪𝐪𝑗𝑗
12:
Determination, if calculated position of
point B is identical with required position
(considering of tolerance)
If Yes – END OF CYCLE WHILE 1
If No – continue of CYCLE WHILE 1
13:
END of CYCLE WHILE 1
14:
Drawing of mechanism position
15:
END of CYCLE FOR 3
16: END of CYCLE FOR 2
17: END of CYCLE FOR 1
By above mentioned algorithm one can obtain the
vector of generalized variables q. Cycles FOR 1 and
FOR 2 ensure that variables 𝑞𝑞1 and 𝑞𝑞5 change from the
minimum to maximum extension of linear actuators.
Variable 𝑞𝑞2 represents elastic member of mechanism,
other generalized variables which represent elastic
members of the mechanism are calculated in CYCLE
WHILE 1. By FEM analysis can be determined maximum
value of elastic members deformation and based on this
can be stated admissible value of variables 𝑞𝑞2 , 𝑞𝑞3 and 𝑞𝑞4 .
The result of each configuration of generalized variables
vector q is consequently used for direct kinematic solution
in order to determine workspace of control point E.
For direct kinematic model the homogeneous
transformation matrices are used. The global coordinate
system (GCS) is placed in the point A. Control point E is
now like end-effector, whose position is investigated. In

Figure 6. Model for direct kinematic solution

The transformations from GCS to particular local
coordinate systems (LCS) can be expressed by following
equations
1
0
T01 = 
0

0

0 0
0 
1 0 − L1 − q1 
0 1
0 

0 0
1 

(9)

cos q2
 sin q
2
T12 = 
 0

 0

− sin q2
cos q2
0
0

0 L2 sin q2 
0 − L2 cos q2 

1
0

0
1


(10)

cos q3
 sin q
3
T23 = 
 0

 0

− sin q3
cos q3
0
0

0 L3 sin q3 
0 − L3 cos q3 

1
0

0
1


(11)

L4 
2

0 
0 

1 

(12)

0 0
0 L5 
.
1 0

0 1

(13)


1

T34 = 0
0

0

1 0

1
0
T45 = 
0

0

0
1
0
0

0 0
0 1
0 0

The equation (9) represents the transformation of the
first linear actuator, equations (10) and (11) express
deformations in elastic member as function of 𝑞𝑞2 and 𝑞𝑞3 .
The equations (12) and (13) express transformations from
elastic member to control point E.
The final relation between control point E and GCS can
be written as
=
T05

5

=
Ti
∏
i =1 i −1

T01T12 T23T34 T45

(14)

Using the equation (14) can be determined the
workspace of control point E.
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4. Simulation of Kinematic Model
The simulation of inverse and direct kinematic solution
of investigated parallel mechanism was done in software
Matlab. For simulation were used following parameters
of mechanism: 𝐿𝐿1 = 0,3435 𝑚𝑚 , 𝐿𝐿2 = 0,0735 𝑚𝑚 , 𝐿𝐿3 =
0,0735 𝑚𝑚, 𝐿𝐿4 = 0,35 𝑚𝑚, 𝐿𝐿5 = 0,6935 𝑚𝑚, 𝐿𝐿6 = 510,5 𝑚𝑚,
𝐿𝐿7 = 295 𝑚𝑚 and 𝑑𝑑 = 0,35 𝑚𝑚 . Calculating tolerance for
inverse kinematic solution was 0,0005 m. The inverse
kinematic solution uses damped least squares method with
scalar variable 𝜆𝜆 = 1,2. Range of motion of linear
actuators is ± 0,001 m. Step of actuators position during
the simulation is 0,0005 m.
Motion of mechanism during the simulation can be seen
in the Figure 7.

Of course, the lower the step of actuator position is (in
the simulation), the more precise the determination of
workspace would be. Analysis and investigation of
workspace of point E can be consequently used for
analysis and design of whole system, which will consists
of many the same segments.

5. Conclusion
The one segment of positioning snake-like mechanism
is investigated considering planar model. The aim of the
paper is to determine workspace of parallel mechanism
moving by two linear actuators. The simplified model of
mechanism has 5 DOF. For determination of control point
workspace at first was derived inverse kinematic model.
Inverse kinematic model uses tolerance 0,0005 m. By
numeric simulation the vector of generalized variables is
calculated. This vector is consequently used for direct
kinematic model and by homogeneous transformation
matrices can be determined the workspace of control point.
These results can be used for the future for designing of
whole positioning system.
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