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Abstract The paper deals with modeling of dynamic model for mechanisms with serial kinematic structure. In the
paper one of two basic methods for dynamic modeling is introduced, namely Euler – Lagrange method. The method
is based on kinetic and potential energy of mechanism. The process of dynamic modeling analytically is very
difficult task especially for kinematically redundant mechanisms. The aim of the paper is to show how can be the
process of dynamic modeling automated by suitable algorithm programmed in software Matlab. The paper also
show how the computing time increases in dependence on increasing number of mechanism links. This relation is
expressed by polynomial function of 3rd order. At the end of the paper the demonstration of automatically generated
inverse dynamic model is shown in cooperation with inverse kinematic model as well as trajectory planning task.
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1. Introduction
The dynamic model explicitly describes the relationship
between force / torques and motion. The equations of
motion are important to consider in the design of robots,
in simulation and animation of robot motion, and in the
design of control algorithms [1]. Many researches have
been done in the area of dynamic modeling [2,3,4]. In the
field of dynamics of mechanisms, the robotic community
has especially focused on the problem of computational
efficiency [5,6].
In the paper dynamic model by Euler – Lagrange method
is introduced. The aim of the paper is demonstration of
automatic generation of dynamic model for redundant
mechanisms with serial kinematic structure.
The paper is divided as follows. Section 2 deals with
dynamic model using Euler – Lagrange method. In third
section the process of automatic generation of dynamic
model is introduced. This process is tested for several
mechanisms with different numbers of links. Considering
used PC parameters, the relation between computing time
and number of links is established. Next section shows
demonstration of automatic generated dynamic model on
kinematically redundant mechanism. In the conclusion the
results are discussed.

2. Dynamic Model
In general dynamic model knows two main task, namely
forward and inverse. The aim of the forward dynamics is
to compute the joint accelerations (and then velocities and

positions) while there is given vector of generalized forces/
torques. The inverse dynamic model is method for computing
of forces and torques based on known kinematic variables.
In general, there are two basic methods by which are
usually modelled dynamic models of multi body systems,
namely Newton – Euler and Euler – Lagrange [7]. Both
methods are arise from different base. However, both of
them gives the same result, which can be written as [8]

 + C ( q, q ) q + Dq + g ( q ) =
M (q ) q
τ

(1)

where M is matrix of inertia 𝐌𝐌 ∈ ℝ𝒏𝒏 𝒙𝒙 𝒏𝒏 , C is matrix of
Coriolis and centrifugal forces 𝐂𝐂 ∈ ℝ𝒏𝒏 𝒙𝒙 𝒏𝒏 , D is diagonal
matrix considering friction forces 𝐃𝐃 ∈ ℝ𝒏𝒏 𝒙𝒙 𝒏𝒏 , g is vector
of gravity forces 𝐠𝐠 ∈ ℝ𝒏𝒏 , τ is vector of torques 𝛕𝛕 ∈ ℝ𝒏𝒏
and 𝐪𝐪 ∈ ℝ𝒏𝒏 is vector of generalized variables. Constant n
represents number of DOF (degrees of freedom) of
investigated mechanism.
In this section Euler – Lagrange formula is introduced. This
method is based on kinetic and potential energy of mechanism
=
ψi

d  ∂L  ∂L

−
dt  ∂qi  ∂qi

(2)

where 𝜓𝜓𝑖𝑖 represents non-conservative (extern and
dissipative) generalized forces, 𝐿𝐿(𝑞𝑞, 𝑞𝑞̇ ) = 𝐾𝐾(𝑞𝑞, 𝑞𝑞̇ ) − 𝑃𝑃(𝑞𝑞)
is so called Lagrange function. Since potential energy is
not dependent on velocity, equation (2) can be written as

ψi
=

d  ∂K  ∂K ∂P
+

−
dt  ∂qi  ∂qi ∂qi

(3)

Final kinetic and potential energy of investigated
mechanism is given by sum of kinetic and potential
energy of particular links of mechanism
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where 𝐑𝐑 𝑖𝑖 is rotational matrix between fixed base and i-th
𝑖𝑖
are
link, 𝐈𝐈𝑖𝑖 is matrix of moments of inertia, 𝐉𝐉𝑣𝑣𝑖𝑖 and 𝐉𝐉𝝎𝝎
Jacobians for linear and revolute velocity.
Potential energy of i-th link is

=
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Li
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∫L pdm g pci mi

T

where 𝐠𝐠 = [0 −9.81
mechanism equals

T
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(10)

0]𝑇𝑇 . Total potential energy of
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Lagrange function is then
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By following substitution
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Equation (19) can be rewritten in generalized form

Kinetic energy of i-th link is

=
Ki
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 + C ( q, q ) q + Dq + g ( q ) =
M (q ) q
τ
where matrix 𝐂𝐂 can be expressed as
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Equation (22) represents so called Christoffel symbols.

3. Process of Automatic Generation of
Dynamic model
Designing of dynamic model analytically can be very
difficult task, in a lot of cases even impossible task. This
fact is true especially in the cases of kinematically
redundant mechanisms when difficulty of establishing of
dynamic model terms is too high.
From this reason it is very appropriate to automate of
whole process of dynamic model designing. Within this
research the algorithm for automatic generation of
dynamic model is introduced. The algorithm is designed
for mechanisms with serial kinematic structure.
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By definition of basic parameters in the step 1 the
algorithm gives on its output matrix of inertia 𝐌𝐌(𝐪𝐪) ,
matrix of Coriolis and centrifugal forces 𝐂𝐂(𝐪𝐪, 𝐪𝐪̇ ) and
vector of gravity forces 𝐠𝐠(𝐪𝐪) . Designed algorithm is
generalized and doesn´t matter from how many links the
investigated mechanism consists of. The process of
designing of dynamic model by this way is limited only
by computing power of PC.

3.1. Testing of the Automatic Generation of
Dynamic Model
Above introduced algorithm will be tested now for
several cases. The aim of this section is to test how
difficult this process is from the view of computing time.
During the simulation the number of mechanism links will
increase and our interest is in the computing time
necessary for design of dynamic model.
The process is tested on PC with following parameters:
Intel Core i3-4000M CPU 2.40 GHz, RAM 4,00 GB, OS:
Windows 7 x64. The algorithm was written in Matlab
2013a. The simulations were performed ten times per each
number of links and final computing time was determined
as average value of these times. The results of the
simulations can be seen in the Figure 1.
The final course can be also expressed by polynomial
function of 3rd order

y = 0, 0191x3 − 0,1025 x 2 + 0,3757 x − 0,3647

(23)

Calculated reliability of equation (23) is R = 0,9998.
Let´s now consider kinematically hyper-redundant
mechanism. According to equation (23) and considering
above mentioned PC parameters, would be computing
time for mechanism with 30 links 434,3563 s (roughly 7
min) and for mechanism with 100 links 18112,206 s
(roughly 301 min). Of course, analytical solution for these
cases is not humanly possible task.

The task is to find required torques of particular joints
in order to move mechanism from its initial position to its
goal position. The input parameter to the system is the
point 𝐏𝐏 ∈ ℝ𝑚𝑚 to which the end-effector of investigated
mechanism should be moved. At first, have to be used
inverse kinematic model in order to determination of
required final positions of joints 𝐪𝐪 ∈ ℝ𝑛𝑛 . Subsequently
have to be computed trajectory of particular links using
polynomial of 5th order. The advantage of using
polynomial of 5th order is obtaining of option to define
initial and final angular accelerations of mechanism links.
The output solution of trajectory planning is matrix of
angular positions 𝐐𝐐 ∈ ℝ𝑡𝑡 𝑥𝑥 𝑛𝑛 , matrix of angular velocities
𝐐𝐐̇ ∈ ℝ𝑡𝑡 𝑥𝑥 𝑛𝑛 and matrix of angular accelerations 𝐐𝐐̈ ∈ ℝ𝑡𝑡 𝑥𝑥 𝑛𝑛 ,
where n is number of links and t is number of geometrical
points between initial and goal position of end-effector.
The amount of this points is based on time, in which the
end-effector should be moved from initial to goal position
and also based on required time of simulation. The output
of trajectory planner will be input to the model of inverse
dynamics. The output of inverse dynamic model is vector
of required torques 𝛕𝛕 ∈ ℝ𝑛𝑛 .
By algorithm mentioned in section 3 can be generated
dynamic model which is described by equation (20).
Entire process described above is shown in the Figure 2.
In the Figure 3 are shown initial and goal configuration
of investigated mechanism. Initial condition for all joints
is 0 degree. The goal position is point in ℝ2 with
coordinates [1,2]. Length of all links is the same, L = 1 m.

4. Application of Designed Algorithm for
Inverse Dynamic Model
The following section deals with application of
automatic generation of dynamic model in cooperation
with inverse kinematic model as well as trajectory
planning task of redundant mechanism. Let´s consider
mechanism with six links working in ℝ2 . Since m=2 and
n=6 the degree of redundancy is r=4.

Figure 1. Computing time necessary for generation of dynamic model

Figure 2. Algorithm for computation of required torques

Figure 3. Initial and goal configuration of investigated mechanism
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For computation of inverse kinematic model was used
damped least squares method. The result of inverse
kinematics are generalized variables q. Detailed description
of this computation is out of range of this paper.

Figure 4. Angular positions
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In the Figure 4, Figure 5 and Figure 6 are shown
required angular positions, angular velocities and angular
accelerations, respectively. These course are results of
trajectory planner which works with polynomial function
of 5th order.
During the simulation were assumed zero initial and
goal velocities and accelerations.
Considering sequence of computing process from the
Figure 2 the final course of required torques is shown in
the Figure 7.
As can be seen from the figures the simulation last 60 s.
The lower time of the simulation would be, the higher
torques would be required.

5. Conclusion
In the paper has been dealt with Euler – Lagrange
method for dynamic modeling purposes. The algorithm
for automatic generation of dynamic model is introduced.
The algorithm programmed in Matlab is tested on
kinematically redundant mechanisms. Considering used
PC parameters, the relation between increases number of
links and computing time is established. At the end of the
paper designed automatic process is demonstrated on the
six-link mechanisms with assuming inverse kinematic
model, trajectory planning and inverse dynamic model.

Figure 5. Angular velocities
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