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Abstract This paper deals with the description of methodology for experimental non-contact investigation of
stress fields in the area of contact mechanics using digital image correlation method. The measurement was realized
in laboratory conditions via low-speed digital image correlation system. As the control software of mentioned digital
image correlation system does not allow investigate and visualize stress fields, the authors used an additional
application called Q-STRESS v.1.0 allowing compute several types of stress. The paper also briefly described the
creation of numerical model in Ansys software. The Von Mises stress levels were in chosen location compared,
whereby the results show agreement adequate for comparison of experimental and numerical modeling.
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1. Introduction to Contact Mechanics
Contact mechanics belongs to a group of basic
disciplines in mechanical engineering. There are a lot of
cases, in which contact between two bodies appears, e.g.
gear wheels, rolling bearings, brakes or trains and rails.
Contact mechanics deals with deformation analysis of
bodies, which act to each other. During some last decades
a lot of analyses were performed in order to find a right
model for contact between bodies, as real as possible.
Although the knowledge of contact and friction principles
has been used since the early history, the first, who started
to concern with contact mechanics, was Heinrich Hertz in
1882. Hertz performed the first analytical study of contact
between two smoothed spherical bodies, which deform
elastically. He did not consider any friction or adhesive
forces. These simplifications cause, that this model can be
in some cases inaccurate or inapplicable. His theory was
improved by Johnson, Kendall and Roberts [1]. Their
model, known as JKR model, considered also surface
forces acting between the bodies. The other alternative of
Hertz model was DMT model introduced by Derjaguin,
Muller and Toporov [2]. Both approaches were
subsequently improved by Maugis, which model can be
applicable for various materials with low or high adhesion.
Modern discipline, which concerns with the body contact,
their friction and abrasions, is known as tribology [3,4,5].

2. Hertzian Contact Theory
Hertz considered such assumptions [6]:

• the contact surface size compared with the body size
is too small,
• both contact faces are smoothed and without friction,
• the stresses caused by material deformation are
elastic,
• the gap h outside the location of surface
deformation can be expressed as=
h Ax 2 + Bx 2 ,
where x and y are the coordinates lying on the
mutual tangent plane to both surfaces.
The Hertzian contact theory is valid for contact of two
spheres, cylinders or ellipsoids.
The roughness of surfaces is also an important aspect,
which affects the values of contact stress. Therefore
Hertzian model considers a simplification for roughness,
which assumes that the surface of bodies in contact is
created by regular round ruggednesses with the same
radiuses of curvature and heights, as can be seen in Figure 1.

Figure 1. Roughness considered by Hertzian contact theory

2.1. Contact of Round-Shaped Bodies
Let us consider two elastic spherical bodies with
radiuses R1 and R2 . If they are compressed to each other
by a normal force P , than the radius of contact surface a
is expressed by
a=3

3PR
4 E*

.

If the reduced elastic modulus is equal to

(1)
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and the contact surface area is
(6)

A = π a.

2.2. Contact of Cylindrical-Shaped Bodies
The relations for contact calculation of two cylinders
are similar to those, used by spheres. The only difference
is that the contact surface has a rectangular shape with a
width of 2a . For E* and R defined equally to the
previous case, the half width of contact surface can be
expressed by
a=

4 PR

K=

π E*

The contact pressure as a function of width x is given
by

p ( x ) = p0 1-

x2
a2

(11)
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3
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Then the radius of contact surface can be expressed in
simplified form
3
aH
=

PR
.
K

(13)

The value of adhesive force, acting between two rigid
round bodies is equal to

PA= 2π∆γ R,

(14)

where ∆γ = γ 1 + γ 2 -γ 12 signifies the adhesion work,
whereby the parameters γ 1 and γ 2 are the surface energies
of the materials, which are the bodies made from and γ 12
is the energy between the surfaces. Eq. (14) is valid for
rigid bodies and thus the radius of contact surface should
be equal to zero. In fact the bodies will deform during
contact. Derjaguin, Muller and Toporov created a model
for deformable bodies. After substituting eq. (14) into eq. (11)
the radius of contact surface is given by a relation
3
aDMT
=

R
( P + 2π∆γ R ) ,
K

(15)

which is known as DMT model.
If the loading is negative, the force can be expressed by

Pc( DMT=
) -2π∆γ R.

(7)

.

.

For simplification let us consider a quantity K , given

whereby the maximal value of Hertzian pressure p0 is
equal to

p0 =

4 E*

by

(3)

than the value of contact pressure p as a function of
radius can be assumed as

3PR

3
aH
=

(2)

where µ1 and µ2 are the Poisson ratios, E1 and E2 are
the elastic moduli and the relative radius is defined as

1
1
1
=
+
,
R R1 R2
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(16)

In this case the radius of contact surface is equal to zero,
what means that Pc( DMT ) is a force needed for separation
of two spheres. If this force is equal to zero, the contact
surface is given by

,

(8)
a0( DMT ) = 3

whereby the maximal value of Hertzian pressure is equal to

4P
p0 =
,
2π a

(9)

and the contact surface area for a cylinder with a length of
l is
A = 2al.

(10)

Hertzian model is characterized as sufficiently suitable
for the description of contact area by the absence of
adhesion. A lot of experiments as well as theoretical
computations prove that the influence of adhesion acting
between the body surfaces cannot be neglected. In fact,
the contact area is due to the existence of these forces
much higher as considered by Hertz. As he noted in his
work, the radius of the contact surface can be expressed by

(17)

The other approach, which considers adhesive forces by
contact, was introduced by Johnson, Kendall and Roberts,
known as JKR model. It concerns with a contact between
a rigid round body and a deformable half-space.
According to this theory the radius of contact surface is
expressed as a function of ∆γ by

a3JKR
=

3. Adhesive Contact Theory

2π∆γ R 2
.
K

R
K

2

 P + 3π∆γ R + 6π∆γ RP + ( 3π∆γ R )  . (18)

The body surfaces will be separated applying the force,
which value is given by

3
Pc( JKR
=
) - 2 π∆γ R.

(19)

The model considers, that if this force equals to zero,
the contact surface will be
a0( JKR ) = 3

6π∆γ R 2
.
K

(20)
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From eq. (19) it is obvious that the force Pc( JKR ) is not
a function of elastic modulus, but i tis dependent on
adhesion work and reduced radius. In this case this
equation should be applied also for rigid bodies. However,
it contradicts the eq. (16). Muller finally stated that both
models are only the marginal extremes of nondimensional parameter given by

µ=3

R∆γ 2
E*2ε 2

,

compare (correlate) it with the remaining loading states.
This system consists of two CCD cameras with the
resolution of 5 Mpx and maximal sampling frequency of 2
fps, that allows to use it in 3D static strain analysis. As the
aim of the measurement was to evaluate a contact
mechanics problem, the cameras were located in the
distance of ca. 515 mm of the specimen and focused on
the area depicted in Figure 4.

(21)

where ε is the equilibrium distance in the Lennard-Jones
potential, µ is the elastic deformation ratio resulting from
adhesion and effective range of surface forces. Afterwards
Maugis introduced the other non-dimensional quantity –
transition parameter λ = 1.157 µ .
Maugis model can be applied for each value of λ , thus
it is more accurate JKR model is suitable for solving
contact of deformable bodies with high radius ( µ > 5 )
and DMT model for rigid bodies with small radius
( µ < 0.1) .

4. Experimental Contact Mechanics
Using Digital Image Correlation
Method

Figure 3. Specimen located in the loading system with a lever
mechanism

The measurement was performed on a specimen, which
consisted of two independent bodies, which shapes and
dimensions are depicted in Figure 2.

Figure 2. Shapes and dimensions of two bodies creating the specimen

Part of the specimen, labeled as 1, should present
a model of cantilever beam attached to a wall 2. The
specimen was created from the PSM-1 material, used in
transmission photoelasticity method, via water jet
technology, in order to eliminate a possibility of the
residual stresses appearing on the model boundaries. The
mechanical properties of mentioned material are:
E = 2500 MPa, η = 0,38, Rp0,2 = 80 MPa, ρ = 1280 kg.m-3.
The specimen was analyzed in laboratory conditions,
whereby the loading was due to a system with lever
mechanism (see Figure 3). The part 1 of the specimen was
loaded by a force, changing by the increment of 10 N from
0 N up to 70 N, acting on a small surface nearly on its free
end.
The measurement was realized using digital image
correlation method. A low-speed digital image correlation
system Q-400 Dantec Dynamics was used to capture a
reference state of the specimen without loading and

Figure 4. The view on the investigated specimen surface captured by one
of the correlation system CCD cameras

The calibration of the cameras was realized using the
checkered calibration target with 9x9 black and white
fields of the size of 11 mm. The facet size used for
evaluation was set to 10x10 px. By such adjusted
correlation parameters, the system evaluates 85627 facets
on the investigated object surface. The acquired data in a
form of displacements and strains were imported into
application Q-STRESS v.1.0 in order to calculate and
visualize the stress fields. Von Mises stress field obtained
in mentioned application by maximal loading force of
70 N is depicted in Figure 5. On the evaluate surface of
the model part 1, ten locations were chosen, in which the
values of Guest stress were compared to the values of
Guest stress in corresponding points using finite element
analysis.
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Figure 5. Guest stress field acquired by Q-STRESS v.1.0 with the virtual
gages on the model surface

5. Numerical Contact Mechanics Using
Finite Element Analysis
For verification of the acquired results a static analysis
in Ansys Workbench was realized. By such analysis it is
necessary to define correctly the contacts between both
parts of the numerical model. Three faces of both model
parts, which touch themselves, were chosen to define on them
frictionless – solid to solid type of contact (see Figure 6).
According to Chen and Liu [7] frictionless contact model
allows free sliding, assuming a zero coefficient of friction.
Gap can form in between regions in contact.
The elements’ size was adjusted to the size of the model
and set to 1.5 mm. All the elements were hexahedrons
with program controlled element midside nodes. Thus the
model created in Ansys consisted of 35160 elements with
167198 nodes.
To ensure the boundary conditions corresponding to the
experimental investigation displacements on three faces of
the part 2 were constrained. On its right side (in Figure 6
denoted as A) the displacements in direction x and z were
constrained. Moreover, on its upper as well as bottom side
the displacements in direction x and y were constrained (in
Figure 6 denoted as B). The force of 70 N acted on a small
surface created nearly the left edge of the part 1 (in
Figure 6 denoted as C).
The Guest stress field on the area of interest acquired in
Ansys Workbench is depicted in Figure 7. The field
concerns also the probes, which should be located
approximately in the same locations as in the experimental
model.

Figure 6. The boundary conditions created on the numerical model
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Figure 7. Guest stress field acquired by Ansys Workbench with the
virtual gages on the model surface

6. Discussion
As can be seen from Figure 5 and Figure 7 the
distributions of Guest stress acquired by experimental and
numerical modeling correspond relatively good together.
The difference can be seen in the locations, where the
contacts between both parts of the model occur. The
reason is that Ansys Workbench considers with a point
contact, however, in real, there is a contact on a small
surface (see the red colored surfaces in the results of
experimental investigation).
A quantitative comparison of the acquired results was
realized in the chosen virtual gages, in which the values of
Guest stress, given in Table 1. were acquired. The courses of
the mentioned Guest stress values are depicted in Figure 8.
Table 1. Guest stress values obtained in virtual gages
Point

DIC [MPa]

FEA [MPa]

Difference [%]

1
2
3
4
5
6
7
8
9
10

7,527
5,926
4,572
3,275
2,149
2,052
2,682
4,186
6,562
10,640

7,656
5,957
4,321
3,011
1,988
1,873
2,497
4,272
6,672
11,642

1,71383
0,523118
-5,48994
-8,06107
-7,49186
-8,7232
-6,89784
2,054467
1,676318
9,417293

Figure 8. Courses of the Guest stress acquired in virtual gages
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7. Summary
Digital image correlation is a modern optical full-field
method applicable in wide range of mechanical problems.
The contribution describes methodology for experimental
investigation of the Guest stress in a simple contact
mechanics problem. For the realization of the experiment
a low-speed correlation system Q-400 Dantec Dynamics
with additional application Q-STRESS v.1.0, developed at
the authors’ department, were used.
Mentioned experimental stress analysis confirmed a
good correspondence with the results acquired by
numerical modeling using Ansys Workbench, when the
maximal difference between determined Guest stress
values was approximately 10 %.
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