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Abstract This article deals with the modeling of dynamical system in state-space representation. The state-space
representation is a mathematical model of a physical system with the input, output and state variables composed by
first-order differential equations. The state-space representation gives a suitable and compact way to model and
analyze systems with multiple inputs and outputs. The article described the methodology for production of state of
simple models of mechanical systems.
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1. Introduction
Modeling of dynamic systems in practice is carried out
in order to verify and solving real problems without the
need to implement them. Modeling goal is not to create
models with all their details, but introducing various
simplifications so that the behavior of the model
approached the behavior of the entire dynamic system.
To express quantitative characteristics we used the
mathematical model. This model is an abstract concept of
the actual process and system behavior.
For the needs of the design and verification management
system is used primarily by two approaches and mathematical
modeling using the so-called transfer functions and state space.
Modeling systems there are a multitude of programs
that allow you to confirm the proposed simulation model
without the need to actually compile it. Among the best
known means include Matlab/Simulink, which provides
full support not only for modeling but also for management
and simulation of the proposed system [1,2].

2. State-space Representation of
Continuous Dynamical System
Transfer function expresses the relationship between
the output and the input of the system. The main
advantage of this disclosure is to obtain the equation of
which can easily determine the behavior of the system.
State space describes a system using conditions and
their changes over time. Výstupné veličiny (Figure 1)
sústavy y(t) sú funkciou stavových x(t) a vstupných
veličín u(t). The output variables (Figure 1) of the system
are the function of the state values and input values.
Vector of output of the model are the state matrix, which
indicate the relationship between the variables describing
the behavior of the system.

In this description, it is possible to observe the state of
the system at the time, which sometimes allows estimating
the behavior the next time step.
Under the effect of input variables u1, u2,...., um is the
state vector u(t), the output signal is determined through
the response of the system thru output vector y(t) and
indicates the status of the state vector x(t).
If we have a system according the m inputs and r
outputs, we may describe a system of n first order
differential equations.
It is described by state equation:

dx(t )
= f (t , x(t ), u (t ))
dt

(1)

where initial conditions x(0)=xS, output values of system
are the function of state variables and input values. The
output equation of the system is in form:

y (t ) = g (t , x(t ), u (t ))

(2)

where:
xT = (x1,x2,...., xn) - vector of state variables,
uT = (u1, u2,...., um) – vector of input variables,
yT = (y1, y2, ..., yr) - vector of output variables,
fT = (f1, f2,...., fn)– nonlinear vector functions,
n – number of state variables,
m – number of input,
r – number of output.
The equation (1) is called the equation of dynamics, the
state equation of the system and the equation (2) is called
the equation of output of the system.
These two equations describe the continuous nonlinear
time variant system.
If the functions f and g are not dependend explicitly on
the time t, the system description is obtained in the form:

dx(t )
= f ( x(t ), u (t ))
dt

(3)

y (t ) = g ( x(t ), u (t )).

(4)
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These are the time invariant systems, their characteristics
do not change in time.

3. Linear Time-invariant State Space
We described the system through state equation and
output equation in the form:

=
x (t ) Ax(t ) + Bu (t )
=
y (t ) Cx(t ) + Du (t ).

(5)

With the initial condition x(0)=xS, where in the
dimensions of the vector values are the same as in the two
foregoing equations, and where:
 a11 (t ) a12 (t )

a (t ) a22 (t )
A(t ) =  21
 


 an1 (t ) an 2 (t )

 a1n (t ) 

 a2n (t ) 

 

 ann (t ) 

(6)

is the matrix (n x n) of the system or state matrix,
 b11 (t ) b12 (t )

b (t ) b22 (t )
B(t ) =  21
 


 bn1 (t ) bn 2 (t )

 b1m (t ) 

 b2m (t ) 

 

 bnm (t ) 

(7)

is the input matrix (n x m) of the system,
 c11 (t ) c12 (t )

c (t ) c22 (t )
C (t ) =  21
 


 cr1 (t ) cr 2 (t )

 c1n (t ) 

 c2n (t ) 

 

 crn (t ) 

(8)

is the weight matrix (r x n) of the system, is the output
matrix,
 d11 (t ) d12 (t )

d (t ) d 22 (t )
D(t ) =  21
 


 d r1 (t ) d r 2 (t )

 d1m (t ) 

 d 2m (t ) 

 

 d rm (t ) 

(9)

is the weight matrix (r x m) of the input, je to matica
prevodu, matica pôsobenia vstupu na výstup.
If the entries of matrices A, B, C, D (or in the case of at
least some of them) are the time variables are the equation
describing the linear time-variant (t variant, non-stationary)
system. In case all of these elements are constants and the
entries of A, B, C, D are matrices of constants it is the
linear time-invariant (t-invariant, stationary) system.
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dx1 (t )
= f1 ( x1 (t ), x2 (t ),..., xn (t ))
dt
dx2 (t )
= f1 ( x1 (t ), x2 (t ),..., xn (t ))
dt

dxn (t )
= f1 ( x1 (t ), x2 (t ),..., xn (t )).
dt

Instantaneous state of a dynamic system and other
behavior considered as clearly defined if at some point in
time t=ti the known value of the n state variables xi (i = 1,
n). These values can be considered as the coordinates of
the point (x1, x2, ..., xn) of n-dimensional space, which is
called the state space.
Point with coordinates x1,x2...xn representing a curve
point, after which point to the change of status call state
trajectory. The state trajectory in three-dimensional state
space is shown in Figure 1.
To specific initial conditions x1(0), x2(0),...xn(0)
corresponds to one solution of the dynamic system. This
means that each group of initial conditions corresponding
to only one start point M0 and one status trajectory.
Corresponds to the set of group of initial conditions
corresponding to the whole set of state trajectory, which
we call the phase portrait of a dynamical system. The state
trajectory set really gives you an idea about the behavior
of dynamic systems in time.
State-space method is best suited for the analysis of a
dynamic system of the second order, because in the this
case the state trajectory in the plane s.
This method is simple and opinions shall form the
dynamic system of 2nd order. In this case, the state space
is represented by a plane state trajectories are in the plane
of the curve. State trajectory can be obtained directly from
the equation of state without having to look for their
solutions. State trajectory equation so we can get and we
do not know the given system of equations of state
directly addressed.
Suppose dynamic 2nd order system is described by
nonlinear differential equations:


x(t ) + g [ x (t ) ] + h [ x(t ) ] =
0.

(11)

Substitution:

x(t ) = x1 (t )
x (t ) = x2 (t ).

4. Method of State Space
It is a method which is a graphical-analytical method
for the investigation of nonlinear dynamical systems. The
essence of the method is the description of the behavior of
dynamic systems using illustrative geometric patterns that
we call the state trajectory. When becoming acquainted
with the basic concepts of state space is based on the
equation of state of a nonlinear dynamical system.

(10)

Figure 1. Determining the notion of the state trajectory

(12)
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Then we get a system of two equations of state:

dx1 (t )
= x2 (t )
dt
dx2 (t )
=
− g [ x2 (t ) ] − h [ x1 (t ) ] .
dt

(13)

If in the system (13) the second equation divided by the
first equation by we get:

dx1 (t ) − g [ x2 (t ) ] − h [ x1 (t ) ]
=
.
dx2 (t )
x2 (t )

(14)

The solution to equation (14) can be obtained directly
in the path of the equation of the state variable x1(t) and
x2(t) e.g. at state space (in this case, in the state plane).
Basically solve equation (14) may not be easier than
solving the original equation (11). However, equation (14)
is of fundamental importance in the state space, and the
method is used to study properties of solutions, for
reflection on the stability etc.

Figure 3. Phase trajectory

5. Solving Selected Problems of
Dynamical Systems through State
Space Description
5.1. Mechanical Harmonic Oscillator
Consider a mechanical system, which forms the body of
mass m secured by a spring of stiffness k to the rigid frame.
The system performs linear movement along the axis of
the spring (Figure 2).
In computation it is based on the second order
differential equation:

mx(t ) + kx(t ) =
0.

(15)

After the introduction of substitutions we obtain two
first-order differential equations:

x1 = x2
x2 = −

k
x1.
m

(16)

In matrices form:

 0
 x1  
=
 x   k
 2  −
 m

1
  x1  + 0.
 
0   x2 


(17)

Figure 4. The graph of the displacement of the mechanical system
harmonic oscillator dependent on time

At numerical solution of differential equations using
Matlab predefined functions, in which are different
methods of integration. Addressing these kinematics
variables is done after starting the following M-file:
function dx=funkciaHP(t,x)
m=7.5;k=50;
dx=[x(2);-k*x(1)/m];
[t,x]=ode45('funkciaHP',[0 10],[0.3; 0]);
plot(t,x)
grid on;
xlabel('t[s]');
ylabel('x[m]','dx/dt[m/s]');
legend('x','dx/dt');

5.2. Mass Spring Damper System

Development of the displacement y dependent on x is
shown in Figure 3, phase trajectory named.

It is considered a mechanical system consisting of a mass
m attached by a spring with stiffness coefficient k and by
damper with damping coefficient b to the rigid frame. The
system performs linear movement along the axis x:

Figure 2. Mechanical harmonic oscillator

Figure 5. Mass spring damper mechanical system
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Figure 8. Model of the mechanical system

Figure 6. Phase trajectory

Figure 9. The graph of the displacement and velocity of the mechanical
system

The mechanical system is expressed in the form of the
equations of motion:

mx1 (t ) =
F − k1 x1 (t ) + k2 ( x2 (t ) − x1 (t ) )

(21)

m2 
x2 (t ) =k3 x2 (t ) − k2 ( x2 (t ) − x1 (t ) ) .

(22)

State equation:

x1 = x2
Figure 7. The graph of the displacement of the mechanical system

This computation it is based on the second order
differential equations:

mx(t ) + bx (t ) + kx(t ) =
0.

(18)

After the introduction of substitutions we obtained two
first-order differential equations in form:

x1 = x2

=
x2

k2 ( x3 − x1 ) k1
F
−
x1 +
m1
m1
m1

x3 = x4
k (x − x ) k
x4 =
− 2 3 1 − 3 x3
m2
m2

(23)

State equation in matrices form:

0
1
0
0

(19)
b
k

 x

x
x2 =
− x2 − x1.
0
k2
 1   (k1 + k2 )
 1  
0
0
−
m
m
 x  




 x2
m1
m1
 2 
  + 1  F (24)
=

In matrices form:
 x3  
0
0
0
1   x3  0 
  
0
1 
  x4  0 

(k2 − k1 )
k2
 x4  
x
 x1  


1
0
0

(20)
=
b    + 0.
 x   k
m2
m2


−   x2 
 2  −
m 
 m
Development of the displacement and of the velocity
Development of the displacement y dependent on x is
dependent on time is shown in Figure 9.
shown in Figure 6.
Development of the displacement dependent on time is
shown in Figure 7.
6. Conclusion

5.3. Mechanical System Consisting of Two
Masses
It is considered a mechanical system shown in Figure 8,
consisting of two bodies of weight m1 and m2, springs
with stiffness k1, k2 and k3.

In the state space theory is the variable vector x
considered as an abstract quantity which can not generally
be measured directly. The vectors of the input quantities u
and output quantities y are on the other hand, having
particular physical significance. Equation (5) is
understood as an abstract model of the physical
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dependencies between physical quantities u and y and
abstract variables x. To assume that at any time we chose
an arbitrary but fixed coordinate system in vector space.
The symbol x(t)=[x1(t), x2(t), … xn(t)] can be interpreted
as a n numbers representing the coordinates of the state
vector. The choice of the coordinate system in the state
space is quite arbitrary, while the vectors u and y are
precisely defined by its components, with the total of
particular significance.
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