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Abstract The free bending vibration of single-walled carbon nanotubes (SWCNTs) is investigated in the present
paper. A continuum approach based on nonlocal theory of beam bending is used for natural frequency computation.
Analytical solutions of frequency equations are given for four types boundary conditions: clamped-free (C-F),
simply-simply supported (S-S), clamped-simply supported (C-S) and clamped-clamped (C-C). The graphical
representations of numerical results are shown for the first case of boundary conditions clamped end - free end.
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2.1. Theoretical Background

1. Introduction
Carbon nanotubes and underlying research are
connected with Iijima and his famous paper [7]. Carbon
nanotubes are closed graphene sheets of cylindrical shape
with interesting mechanical properties. Especially, high
tensile strength and stiffness in relation to very small
weight attracts attention of engineers and researches.
However, not only mechanical properties of nanotubes are
interesting. Intensive research is also oriented to the
application in electrical and chemical engineering, as well
as in biological sciences. There have been some
researches on the vibration problems of SWCNTs through
experiments, but at the same time theoretical treatment is
used for description of measured data. Three basic
methods of investigation are used to accomplish
simulation of SWCNTs: molecular dynamic simulations,
atomistic-based modeling and the continuum approach.
The last one is used here for description of bending
vibration and accordingly it can serve as a mean for
indirect specification of carbon nanotube properties. The
continuum beam relations used in the paper are based on
the theory of nonlocal elasticity published by Eringen [4].
In contrast to the classical elasticity theory Eringen takes
into account the scale effect and its influence to stress at
the reference point of a body. Accordingly, the stress at a
point is a function of strain field at every point of body.
Review of nonlocal elastic models of carbon nanotubes is
given in [1] and nonlocal theory based on Euler beams is
described in [9]. The interesting results of SWCNT
research can be found in literature [1-6,8,10,13,15].
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The classical elasticity theory uses assumption of local
action of physical quantities. It means that the stress at a
given point correspondence to the strains in its intimate
neighborhoods. In the nonlocal theory the stress state at
the point of question is influenced by strains in all points
of the investigated body [4]. In accordance with this
assumption, the behavior of homogeneous isotropic beam
can be described by the following equation

σ xx − µ

∂ 2σ xx
∂x 2

Eε xx ,
=
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where σ xx , ε xx , E are normal stress, normal strain and
Young’s modulus, respectively. The scaling factor µ at
the second term on the left side of equation reflects the
effect of small length scale. This factor can be expressed
by equation µ = e02 li2 , where e0 is the material constant
and li is an internal characteristic length. In classical
theory, parameter µ is used for modeling of bending,
buckling and free vibration problems of beams [12]. The
Euler assumptions for free vibration of beam together with
the nonlocal theory lead to equation [9]
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Here, m, I and u are the mass per unit length, the
moment of inertia of cross-section area and the transverse
displacement of a nanotube, respectively. Fourier method
of separation of variables leads to the system of two
ordinary differential equations. One equation is related to
time variable and the second one is connected with spatial
variable x, describing axial position of point in question.
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Assumption that nanotube has a constant cross-section
area leads to differential equation

ϕ IV ( x) − β 4ϕ ( x) =
0,

(3)

In case of nanotubes there is uncertainty in definition of
thickness of the nanotube shell. However, in the literature
are given some relations that can be used in (4). Here, we
apply relations from [14]

where ϕ ( x) is an eigenshape (mode shape) and for
parameter β we have equation

β =
4

ω2µ m
EI
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(10)

Table 1. Solutions of Frequency Equations

(4)

.

Eigenfre-quency
No.

The quantity ω in equation (4) represents an angular
frequency of free vibration of nanotube and by using β
the equation (3) leads to the solution

ϕ ( x) =C1 sin( β x) + C2 cos( β x) +
C3 sinh( β x) + C4 cosh( β x).

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

(5)

Here, C1 , C2 , C3 , C4 are the constants depending on
boundary conditions applied to the ends of investigated
beam.

2.2. Solutions that Correspond to Different
Boundary Conditions
Free vibrations of the armchair type of carbon
nanotubes with boundary conditions: clamped-free (C-F),
simply-simply supported (S-S), clamped-simply supported
(C-S) and clamped-clamped (C-C) are solved in the paper.
The length of carbon nanotube is L and the lattice
translation indices (n,m) for armchair nanotubes can be
written as (n,n). Schema of graphene sheet and carbon
nanotube is given in Figure 1.

Value of
C-C
4.7300407
7.8532046
10.995607
14.137165
17.278759
20.420352
23.561944
26.703537
29.845130
32.986722
36.128315
39.269908
42.411500
45.553093
48.694686

( β L)

for boundary conditions

C-S
3.9266023
7.0685827
10.210176
13.351768
16.493361
19.634954
22.776546
25.918139
29.059732
32.201324
35.342917
38.484510
41.626102
44.767695
47.909287

C-F
1.8751040
4.6940911
7.8547574
10.995540
14.137168
17.278759
20.420352
23.561944
26.703537
29.845130
32.986722
36.128315
39.269908
42.411500
45.553093

S-S
3.1415926
6.2831853
9.4247779
12.566370
15.707963
18.849555
21.991148
25.132741
28.274333
31.415926
34.557519
37.699111
40.840704
43.982297
47.123889

EI = 428.48 D 2 − 397.08 D + 109.24  kg nm3 /s 2  ,



(11)

where D is a diameter of nanotube. The nanotube
diameter can be computed from translation indices (n,m)
by relation

D = 2 R = a0 3(m 2 + n 2 + mn) / π ,

(12)

where a0 = 1.42 Å is a carbon–carbon bond length and for
armchair nanotube we have m = n. Due to the fact that
huge number of possible parameter combination can occur,
the results are given only for the first four
eigenfrequencies for diameters D = 1,356nm and
D = 2, 034nm. The graphs on Figure 2 to Figure 11 show
dependencies of eigenfrequencies on the length L of
carbon nanotube with boundary conditions of type C-F.
The nonlocal parameter is 0.01, 0.04, 0.1, 0.3 and 0.4,
respectively.

Figure 1. Hexagonal lattice a) sheet b) single-walled nanotube

The frequency equations
boundary conditions are
(C-F):
(S-S):

for

above-mentioned

(6)
1 + cos( β L) cosh( β L) =
0,

sin( β L) sinh( β L) = 0,

(7)

(C-S): sinh( β L) cos( β L) − cosh( β L) sin( β L) =
(8)
0,
(C-C):

cos 2 ( β L) + cosh 2 ( β L) −
2 [ cos( β L) cosh( β L) ] = 0.

(9)

The continuum approach leads to the fact that the
frequency equations for given boundary conditions have
infinite number of solutions ( β L ) . The values of ( β L )
for the first 15 eigenfrequencies (natural frequencies) were
computed numerically in Matlab and they are given in
Table 1.
The angular frequencies ω are computed according to
equation (4) and frequencies f from relation f = ω / 2π .

Figure 2. The first four eigenfrequencies for diameter D=1,356nm and
nonlocal parameter µ=0.01
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Figure 3. The first four eigenfrequencies for diameter D=2,034nm and
nonlocal parameter µ=0.01

Figure 4. The first four eigenfrequencies for diameter D=1,356nm and
nonlocal parameter µ=0.04

Figure 5. The first four eigenfrequencies for diameter D=2,034nm and
nonlocal parameter µ=0.04

Figure 6. The first four eigenfrequencies for diameter D=1,356nm and
nonlocal parameter µ=0.1

Figure 7. The first four eigenfrequencies for diameter D=2,034nm and
nonlocal parameter µ=0.1

Figure 8. The first four eigenfrequencies for diameter D=1,356nm and
nonlocal parameter µ=0.3
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3. Conclusions
The paper deals with the free bending vibration of
armchair single-walled carbon nanotubes. The study is
based on the nonlocal beam theory, where the stress state
at the investigated point is influenced by strains in all
points of the investigated body. The solutions of
frequency equations are given for four types of boundary
conditions in the table and specific results for cantilever
beam are given in several graphs. The eigenfrequencies
are given there for two different diameters of nanotube,
several nonlocal parameters and continuously changed
length.
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