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Abstract With the progress of technology and globalization, competition has risen and so has the need to

optimize the Supply Chain. More enterprises are now focusing on supply chain efficiency in order to increase its
profit margin and customer satisfaction. A part of the solution for increasing supply chain efficiency lies in the
ability to make accurate forecast of demands, since, it interacts with multiple component of the supply chain network.
Use of statistical, heuristics and machine learning algorithms is very common for future time series prediction,
however, the accuracy of prediction by these models are significantly affected by the uncertainty, imprecision, and
the size of source dataset. Grey theory has shown its effectiveness for its quick, brief and accurate prediction for
vague, incomplete and imprecise data sets. In this paper, the grey one order one variable model GM (1,1) is applied
for demand prediction in a case where the source data is brief and highly uncertain. The effectiveness of GM (1,1) is
tested against one of the most commonly used and established forecasting method, exponential smoothing technique,
for vague, imprecise and incomplete dataset. Based on the simulated results, the prediction accuracy of the grey
prediction model has been observed to be a better fit than that of exponential smoothing technique. The average
relative error (ARE) from the grey prediction model satisfies the level 2 of the accuracy scale and also achieving a
mean relative simulation accuracy of 95.5%. Hence, based to the observed results, it can be established the GM (1,1)
can be effectively used for any future time series prediction in such cases.
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1. Introduction
Supply Chain efficiency has always been a primary
concern for organizations and a top focus of research in
academia. With the progress of technology and globalization
competition has risen and so has the need to optimize the
supply chain (SC). Since the early 1990s, many enterprises
have implemented numerous initiatives in order to maximize
the revenue and reduce cost [1]. Supply chain management
(SCM) involves everything from procurement of raw
materials to manufacturing, distribution, customer service
and finally after sales service [2]. The profit level of the
company is significantly dependent on the performance of
the supply chain. Hence, there is a need for integration
throughout the chain. One aspect of optimizing supply
chain performance is to effectively predict the demand as
its effect encompasses many of the components of SC,
namely, inventory, transportation, distribution etc. Demand
prediction is the process of prediction of future time series
based on past data. The effectiveness of supply chain
depends on primarily on the accuracy of prediction for product
sales [3,4], while the efficiency of the supply management
optimization relies on the accuracy of forecast for the final
product sales [3,4,5]. Hence, the need for accurate and
reliable prediction of future demand. Accurate forecasting
allows companies to adjust to the changeable market,

reduce cost of inventory, improve customer satisfaction
and enhance competitiveness [6]. However, demand is
uncertain in most cases. Its irregularity, non-linearity, and
randomness often hinders the accuracy of forecast.
A large number of forecasting methods have been used
by researchers. Xia [4] mentions that these forecasting
techniques can be classified into two categories: classical
model and heuristics models. The classical models are
generally based on mathematical and statistical algorithms.
One of the commonly used and established classical
model is exponential smoothing (ES) technique. The
forecast is made based on the time series characteristics
subjected to appropriate choice of smoothing constant [7].
However, the choice of smoothing constant is hard to
obtain due to lack of information or high uncertainty [8].
The choice of the smoothing constant, as generally
observed, is largely dependent on the analyst’s intuition
and experience. Use of simple exponential smoothing
(SES) is appropriate for a series that moves randomly
above and below a constant mean and it has no trend and
no seasonal patterns [9]. Exponential smoothing has been
vastly used in inventory demand forecasting [10]. Its
performance in forecasting is surprisingly well compared
to more sophisticated approaches [10,11,12].
As opposed to the classical methods, modern heuristic
approaches involve use of machine learning algorithms
and evolutionary computations. Heuristic approaches
include artificial neural network (ANN) [13,14], fuzzy
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system analysis [15,16] and also many hybrid models
[17,18]. Although the algorithms are different, the
objective is the same i.e. increasing the prediction
accuracy. Prediction accuracy of both classical and
machine learning techniques are significantly affected by
the availability of sufficient source data and the
uncertainty of these data.
Grey system theory, introduced originally by Deng in
1982 [19,20], is a multidisciplinary theory that has been
widely used for solving vague, incomplete and imprecise
dataset [19,20,21]. In the field of information research,
systems with completely unknown information are considered
to be black, system with completely known information is
regarded as white, and systems with partially known and
partially unknown information are seen as grey [22].
Application of grey theory is seen on system analysis, data
processing, modelling, prediction, decision making and
control [23]. Prediction of any periodic evaluations of
dataset can be done using grey prediction model as it does
not have any prerequisite or restrictions on the source data
[24,25]. Qu [26] used grey prediction model to predict
mobile communication service income and achieved
reasonably good accuracy compared to other nonlinear
models. Samvedi [1] used grey prediction theory to
predict supply chain during intermittent disruption. He
argued that the grey model is a better fit when the
disruption frequency is high. Grey prediction model has
also been applied to predict supply chain performance
resilience [27]. Overall the application of the grey prediction
model can be categorized as time-series prediction, calamity
prediction, seasonal calamity prediction, topological
forecasting and systematic forecasting [28]. The one order
one variable grey model GM (1,1) is the most widely used
grey prediction model has a potency level of four i.e. it
can predict with significant level of accuracy when the
source data available in the time series is as low as four
[23].
In this paper, grey prediction is made using GM (1,1).
In order to benchmark the obtained prediction results, a
comparison is made with an established and widely used
forecasting model (SES). The rest of the paper is
organized as follows. Section 2 discusses the traditional
GM (1,1) and the exponential smoothing model. Section 3
discusses the steps in developing the mathematical model
along with error analysis based on the empirical study.
Finally, Section 4 concludes the paper.

2. Prediction Methodologies
2.1. Grey Prediction Model
GM (1,1) is the most commonly used grey prediction
model for time series prediction. The letters GM stands for
grey model and the “(1,1)” means one order one variable
model. In the grey prediction model GM (1,1), the original
data sequence is aggregated with the progression of time
sequence. The aggregated data is used to construct a
differential equation and upon solving the equation, using
least square method, the prediction can be attained after
performing inverse accumulated generation operator
(AGO). Details of the grey prediction model is derived as
follows [29].

2.1.1. Step 1: Establishment of the Original Data
Sequence
Establish the data sequence from observed data
0
0
0
0
0
x( ) (k) = ( x( ) (1) , x( ) ( 2 ) , x( ) (3) ,.., x( ) ( n ).

2.1.2. Step 2: Generation of First Order Accumulated
Generator Operator (1-AGO)
Generate the ﬁrst-order accumulated generating operation
(1-AGO) sequence 𝑥 (1) is based on the original data
sequence 𝑥 (0) (𝑘)
n
2
 1 0

0
0
x (1) =  ∑ x( ) ( k ) , ∑ x( ) ( k ) ,.., ∑ x( ) ( k )  .


=
 k 1 =k 1 =k 1


This is done to reduce the randomness/noise in the
raw data. These processed data becomes monotonously
increasing function which complies with the solution of
first order differential equation. As a result, the solution
curve obtained from the differential equation is an
approximate representation of 1-AGO data.
2.1.3. Step 3: Calculation of Background Value
1
Calculate the background value z ( ) (k )，by means of
1
operation of on 𝑥 (1) , the sequence z ( ) (k )

(

1
1
1
1
1
z ( ) ( k ) = z ( ) (1) , z ( ) ( 2 ) , z ( ) ( 3) ,.. z ( ) ( n )

)

Where, 𝑧 (1) (𝑘) = 𝛼𝑥 (1) (𝑘) + (1 − 𝛼)𝑥 (1) (𝑘 − 1) and the
generating coefficient α is usually given as 0.5.
2.1.4. Step 4: Construction of First-order Differential
Equation
The first-order differential equation of GM (1,1) and its
whitening equation is obtained, respectively, as follows:
0
1
x( ) ( k ) + az ( ) ( k ) =
b

dx (1)
1
+ ax( ) =
b
dt

Where ‘a’ and ‘b’ are the developing coefficient and grey
input respectively.
2.1.5. Step 5: Solving the Differential Equation
Calculate development coefficient ‘a’ and grey input
‘b’. By using least square method parameter ‘a’ and ‘b’
can be obtained as
a 
aˆ =
=

b 

( BT B )

−1

BT Y

Where,
 x( 0 ) ( 2 ) 


 x( 0) ( 3) 
 0

 x( ) ( 4 ) 
=
Y =
,B
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2.1.6. Step 6: Solution of the Whitening Equation
The solution of the whitening equation is

Where,

b  − a ( k −1) b
 ( 0)
1
xˆ ( ) ( k ) =
+
 x (1) −  e
a
a

1
0
x( ) (1) = x( ) (1).

2.1.7. Step 7: Generation of Prediction Sequence
The recovered data 𝑥� (0) (𝑘) can be retrieved by inverse
accumulated generating operation (IAGO)
0
1
1
xˆ ( ) ( k ) = xˆ ( ) ( k ) − xˆ ( ) ( k −1)

Given k = 1,2,3,….,n.
Finally, the predictive value of sequence 𝑥� (0) is:

)

(

0
0
0
0
0
xˆ ( ) = xˆ ( ) (1) , xˆ ( ) ( 2 ) , xˆ ( ) ( 3) ,.., xˆ ( ) ( n ) , .

2.2. Exponential Smoothing
The exponential smoothing is a time series prediction
model that uses past data for future prediction. It is form
of weighted moving average method that uses smoothing
constant (α) to determine the amount of weight placed on
the historical data sets. The value of α ranges in between
0 and 1. The closer the value of α to 1, more weight
is placed on recent past dataset. The basic simple
exponential smoothing equation is as follows.

=
Ft αAt −1 + (1 − α ) Ft −1.
Where,
𝐹𝑡 − Forecast for period t,
α − Exponential smoothing constant
𝐴𝑡−1 − Demand at time period t-1
𝐹𝑡−1 – Forecast for time period t-1
Since the accuracy of the forecast using this model is
greatly affected by the choice of value of the smoothing
constant ( α) , sensitivity analysis can be performed to
determine the value of α such that the error is minimal.
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I. The sales data from Table 1 are taken as input for
the 𝑥 (0) and the cumulative sequence (𝑥 (1) ) is setup
(Figure 2). The result is a monotonous increasing
sequence that complies with the first order linear
ordinary differential equation.
II. Test of the quasi-smoothness of 𝑥 (0) (𝑘) and quasiindex patern of 𝑥 (1) is then checked. For k>2, if,
p(k) <.5 and 𝜎 (1) (𝑘) 𝜖 [1 , 1.5] the requirement of
quasi-smoothness and quasi-index pattern is satisfied
[30]. As such, the observations from Table 2
confirms both the requirements are satisfied.
III. The background values are then calculated and acts
as the input for matrix B while the original
sequence acts as the input of matrix Y.
IV. The matrix is formed in order to solve the
differential equation and obtain the result of the ‘a’
(developing coefficient) and ‘b’ (grey input). The
solution can be estimated by least square method
and obtain values of ‘a’ and ‘b’ are 0.021192189
and 17,354 respectively.
V. The values are fed into the whitening equation to
get the corresponding 𝑥� (1) (𝑘).
VI. The prediction sequence is then retrieved by
application of inverse accumulated generating
operation (IAGO) as shown in Table 2.
Table 1. Monthly sales data
Time
1
2
3
4

Sales
19521
16046
17113
16412

Time
5
6
7

3. Empirical Analysis

In order to demonstrate the effectiveness of the said
methods, the sales data of a major pharmaceutical company
of Bangladesh has been considered. The company name
has been kept anonymous due reasons of confidentiality.
The company is looking for a suitable and reliable
prediction model considering the high uncertainty in the
market. Management is looking to adopt new model
provided that the prediction is relatively accurate. Using
the sales data of 6 months, both the grey prediction model
and exponential smoothing technique is applied for future
time series prediction. The effectiveness of the model can
be justified after performing accuracy and error analysis.
The sales data of a newly launched product is shown in
Table 1. Also, the pattern of data is seen in Figure 1.

Figure 1. Sales data pattern

3.1. Construction of the GM (1,1) model
The construction of the GM (1,1) model for demand
prediction (Table 2) is discussed in the following steps.

Figure 2. 1-AGO data

Sales
14950
16826
14101
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Table 2. Calculation and results of GM (1,1)
Time (k)

p(k)

19521

𝑥 (1) (𝑘)
19521

-

𝜎 (1) (𝑘)
-

𝑧 (1) (𝑘)
-

𝑥� (0) (𝑘)

2

16046

35567

0.8220

1.8220

-27544

16762

3

17113

52680

0.4811

1.4811

-44123.5

16411

4

16412

69092

0.3115

1.3115

-60886

16067

5

14950

84042

0.2164

1.2164

-76567

15730

6

16826

100868

0.2002

1.2002

-92455

15400

7

14101

114969

0.1398

1.1398

-107918.5

15077

1

𝑥

(0)

(𝑘)

19521

3.1.1. Accuracy of GM (1,1) Prediction
The error sequence, 𝜀 (0) (𝑘), and the relative error, Δk,
are found (Table 3) using the following formula.
Error Sequence: 𝜀 (0) (𝑘) = 𝑥 (0) (𝑘) − 𝑥� (0) (𝑘).
ε ( 0) ( k )
Relative error: ∆ =
x (0) (k )
Table 3. Mean relative error for GM (1,1)
∆�

3.2. Construction of Exponential Smoothing
Model
The construction of the exponential smoothing model is
relatively simple. The accuracy of the model is largely
dependent on the choice of the smoothing constant value
(α). Due to unavailability of previous data starting forecast
is assumed to be same as the actual sales (𝑭𝟎 & 𝑨𝟎 equals
the actual sales of first time period) in order to satisfy the
exponential model equation. The steps in the model
construction are as follows and the obtained results are
represented in Table 4.
I. An initial forecast for the first period, which is the
same as the actual sales, is made.
II. Following forecasts are made by choosing an
arbitrary value of the smoothing constant (α).
III. For the obtained results, the mean absolute deviation
is measured.
IV. Using SOLVER add-in in Excel, a sensitivity
analysis is carried out to adjust the value of α, such
that the mean absolute deviation is minimal.
V. The obtained value of α gives the minimal forecasting
error and should be used for forecasting.

Δk

1

𝜀 (0) (𝑘)
0

0

2

-716.41

0.04103

Time period

Actual sales

3

702.085

0.04103

1

19521

19521

4

345.209

0.02103

2

16046

19521

5

-779.88

0.05217

3

17113

6

1425.96

0.08475

4

16412

7

-976.11

0.06922

5

14950

6

16826

15464.9983

7

14101

16408.10363

Time (k)

Table 4. Exponential smoothing forecasting

0.04469

Mean relative error, ∆� , for the prediction model is
found to be 0.04469 which satisfies the mean relative error
requirement of 2nd level of accuracy scale [22]. The mean
relative simulation accuracy achieved is 0.95531 or
95.5 %.
A comparison figure for the actual sales data against the
forecasted data is shown in Figure 3.
actual

25000

forecast

SALES

15000

10000

5000

4

MONTH

17113.00024
16627.24253

The respective error for the exponential smoothing
technique, 𝜀 (0) (𝑘), for the time periods are shown in
Table 5. Relative error, Δk, and the mean relative error, ∆�,
are found using the same mythologies as before.
𝜀 (0) (𝑘)

Δk

0

0

2

-3475

0.216564876

3

-0.000778378

4.54846E-08

4

-701.000239

0.042712664

5

-1677.242533

0.112190136

6

1361.001701

0.080886824

7

-2307.103633

0.163612767

1

2

17113.00078
0.692949416

Table 5. Mean relative error for exponential smoothing

20000

0

Forecast

3.2.1. Accuracy of Exponential Smoothing Model

Time (k)

0

Smoothing constant (α)

6

Figure 3. Comparison between actual sales data and forecasted data

8

∆�

0.08799533

The mean relative error, ∆� , for the exponential
smoothing technique is found to be 0.08799533 which
satisfies the average relative error requirement 3rd level of
accuracy scale [22]. The mean relative simulation
accuracy obtained for the model is 0.912 or 91.2%. A
comparison between the actual and forecasted data is
shown in Figure 4.
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actual

forecast

25000

SALES

20000
15000
10000
5000
0

0

2

4

MONTH 6

8

Figure 4. Comparison between actual and forecasted data

3.3. Comparison of Prediction Results
A comparison diagram between GM (1,1) prediction
and exponential smoothing prediction against actual sales
data is shown in Figure 5. Based on the results obtained,
the GM (1,1) prediction is a better fit for the small, highly
uncertain dataset. ES method seem to overshoot the
prediction in almost all the time periods resulting in high
degree of error. Accuracy obtained by this method is
91.2%. This could be due to the fact that the actual data
seem to decrease over the time period. For any sudden
fluctuation in the source data, the ES model would not be
a good fit. On the other hand, GM (1,1) model was able to
predict with 95.5% accuracy. This is because Grey theory
bases its forecast on the aggregated source data rather than
the discrete source dataset. Aggregated data reduces the
randomness and thus greater prediction accuracy is
achieved.
actual

25000

exponential

GM (1,1)

SALES

20000

15000

company. Since forecasting is one of the most crucial
component of supply chain the need for an accurate
prediction model is mandatory. While many models and
techniques exist, few can cope with the uncertainty in the
source data. Also, the availability of data affects the
accuracy.
In this paper, a local pharmaceutical company has been
studied. The demand prediction of a newly launched
product was the prime objective. Due availability of small
data sets together with the high uncertainty in the local
market use of machine learning algorithms and heuristics
techniques deemed inappropriate. However, Grey theory
deals with systems characterized by poor information,
uncertainty, and imprecise data. Hence, in this paper, grey
prediction model, GM (1,1), is implemented for the
forecasting of demand along with one of the most
established and commonly used prediction model, exponential
smoothing technique. However, the accuracy of the
prediction for the exponential smoothing technique was
largely affected by the randomness, uncertainty, and
availability of small source data whereas GM (1,1) is able
to predict with significant level of accuracy. One of the
reason for this is due to the fact that GM (1,1) uses the
accumulated generation operation (AGO), which is one of
the most important characteristics of grey theory, as it
reduced the randomness of the data. The smoothness of
the source data is checked by observing if changes in the
data points are stable. This was done by checking the
quasi-smoothness of the source data and the quasi-index
pattern of the accumulated data. Hence satisfying the
requirements for the use of GM (1,1) model. The
prediction obtained a mean relative error of 0.04469 for
the case of GM (1,1) as opposed to 0.087995 for ES. The
mean relative error obtained for GM (1,1) and ES satisfies
the second level and third level of accuracy scale. The
mean relative prediction accuracy obtained for GM (1,1)
is 95.5 % as opposed to 91.2% for ES.
Owing to the characteristic of the GM (1,1) model, the
model provides an effective and efficient means of future
time series prediction using only small amount of past
data and thus a very appropriate model for prediction in
such cases.
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