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1. Introduction and Definitions

Let Z denote the class of functions of the form

f(z):1+2akzk‘1 (1.1)
Z k=2

Which are analytic in the unit disk U ={z:| z|<1=U\{0}} .

Having a simple pole at the origin with residue 1.

Furthermore, let > ,Z*(a) and ', 0<a<l

denotes the subclasses of Z which are univalent,

meromorphically starlike and convex respectively.
Definition 1

Analytically, a function of the form (1.1) is in Z*(a)
if and only if

Re{L(Z)}Nx,ZeU,OsOKl.

) (1.2

Definition 2
Similarly, f ezk(a). If and only if f is of the form

(1.1) and satisfies

Re{—[u o "(Z)J}>a,z cU0<a<l. (L3)
f'2)

Definition 3
For ce N, the set of natural numbers with ¢c>2, an

absolutely convergent series defined as

. c 1 k
L = . 1.4
w03t 14

Is known as the polylogarithm. This class of functions
was invented by Liebniz and Bernouli [1]. For more
works on polylogarithm and meromorphic functions see
[2-7].

We state here a linear operator derived as follow;

Let W f(z):>.—>. which is defined by the
following Hadamard product by W, f(z) =&.(2)* f(z)
Where

2y _l & 1 K
E(2)=2""Li,(2) = : +|(Z::1(k+1)cz . (1.5)
Define DJ(Z):Z—)Z as
D.f(z)= {‘PC f(z2) —Zical}. (1.6)

Definition 4
Let f(z) be defined as in (1.1) and D_f(z) as stated in

(1.6) then the function f(z) then the function f(z)in (1.1)
is said to be in class )" () if the following geometric

condition are satisfy;

%{M}>ﬂ,0£i<l

D1 (2) 1.7

Using subordination we write (1.7) as
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1, AP F @)
D, f(2)
2(D, f (2))
D, f(2)

<lzeU (1.8)

1-24-

Where D, f (z) is as defined in (1.6)

2. Coefficient Inequality

Theorem 2.1
Let f(z) of the form (1.1) a function f(z) is said to

be in the class ZC(A) iff the following bound is satisfy:

< k+41-1
k2 (k+1)°

a <A (2.1)
Proof
Assume that (2.1) holds true then from (1.8) we have

2(D, f(2)) +D,f(2)
(1-22)D, f (z) - 2D, f (2)'

- A k1

k vA
kZ:Z(k +1)C
oyl 20-2),
z S Kk+1)f
ks
k=2(k +1)C

—2/1£+ OZO 20=4) /1)

Z k—2(k+D°

IA

<1l

Proving (2.1) Conversely, suppose f(z) e Z(/l).
C
We have to show that condition (2.1) is true. Thus we
have

| 2Df@) +De @ | _,

< (2.2)
|(1— 24)D, f (2)- 2D, f (z)’|

Which is equivalent to

| 2D, f@) +D.f(2) |
|(1—2/1)Dcf(z)—chf(z)’|

- & k1

k vA

kzz(k+1)C
1, <20-4) /I)
FAr=ATEE
Notice that since R(z) <| z | we similarly have

—24

o0

a _
kzkl

C
R k= 2(k+1) <1

20-2),
2]+
kZZ (k+1)°

2.3

We choose the value z on the real axis and letting
z—>1,we have

e}

Ay k-1
k z
22 (k+1)°

20-4),
24+
kZZ (k+1)°

Which proves our assertion. The result is sharp here for
the function;

<1 (2.4)

1. (k+D° a, 21,

f(z)=; - 24) (2.5)

Theorem 2.2
The class is closed under convex combination.

Let fj(z), f(z) € D (A) then for 0<z <1, then we

c

have (1-7)fi(2)+7fy(2) € z c(A).
Proof

By hypothesis f;(z) = l+ Z ay 2% and
z k=2

f5(2) :1+ > bkzk’1
Z 2
Then

A-7)f(2) +71,(2) :%+ i [(L-7)ay + by [k
k=2

Thus we have from (2.1) the following

3 k”_l[(l—r)akﬂbk]

& k1F
k+1-1 k+41-1
_ 1-r)a b
kzz(k TR kzz(k+1)°rk

<A-0)A+tA=A

This complete our proof.

3. Integral Means Inequalities

Let f(z) and g(z) be analytic in U, f(z) is said to be
subordinate to g(z) written as

f(z)<g(z),zeU. (3.1

If there exists a Schwarz function w(z) which is
analytic in U with w(0) =0,|w(z) <1, zeU such that
f(2) =g(w(z)). Furthermore, if the function g(z) is
univalent in U, then we have the following equivalence ,
see [8] f(2)<g(z)<= f(0)=g(0)and fU)cgU).
Theorem 3.1 [9]

If f(g) and g(z) are analytic in U with f(z)<g(z),

then for £ >0,and z=re'’, 0<r<1.Then
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[l @ a0 < [ g ()] do.

Theorem 3.2
Let f(z2)e) ((4) and fi(z) be defined by
f@)=1 SARED® ey s if there exists w(2)
z k A-1
such that
whl(z) = MZa HMly—23. (3.2
k+i-142
z=re' and 0<r<1.Then
2r io.|" 2 i\’
I ‘f(re )‘ do<|, ‘fk(re )‘ d6,r > 0.
Proof
It is obvious that
2 2 ' 2z|, Ak +1)° '
.[ ”1+Zakzk‘1 desj ”l+uzk‘1 dé,r>0
0 = 0 k+4-1
Using theorem 3.1 we have to show that
[c'e] C
1+ a2t AR ket (3.4)
= k+1-1
Suppose we set wk(z)_ i(kzl)l Za z" . Then we
have 1+ Zakzk’lglJerk’l
k=2 k+4-1

1+Z=:1akzk‘1: +/|1((k:{1)1| (z)|

Notice that w(0) = 0 and from theorem 2.1 we can write

wk(z>——2 a2

k+A-D(k+D® 21

y) 0
Sl a|

(k+A-D(Kk+1°
<z,

This proves our theorem.

4. Convolution Property

Let f(z) , g(2)e)_ (1) and
f(z) = Z a, 2" 9(z) = Z b, X"t Robbinson [10]
k=2 k=2

has shown that f(z)*g(z) = i, D ayby AR
Z k=22

isalsoin > (4).

Theorem 4.1

Suppose  f(2), g(z)ezc(/l) then the Hadamard

product or convolution of the functions f and g belongs to
-k
the class (4) . Where 4y 2 ——
z A 1-(k +1)
Proof.
Since f(2),9(2) ezc(ﬁ), from theorem 2.1 we have

Z k+A4- 1ak<land Z k+1-1 <1,
ko Ak +1)° ko Ak +1)°

We need to find the largest /4 Zwakbk <1,
koo Ak +1)°
by Cauchy-Schwarz inequality, we have

ik_{——ﬂ_idakbk <1.

k=2 A(k+1)

(3.5)

Thus it suffices to show that

k+ﬂl—lab < k+1-1 (—akbk
Ay (k+1)° A1 (k+1)°

Which is equivalent to
But from (3.5) we have
(k+1)°2

Vabe < T

(k+D° _ (k+4-1)
k+i-1 (k+2-1)4

The above simplify to 4; > W This proves our

result.
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