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1. Introduction

Fixed point theory as a part of functional analysis has
many applications in diverse fields of sciences as
electronic engineering, computer sciences, game theory,
biology and physics. In these recent years the extension of
metric fixed point theory to generalized metrics such as
quasi-metric, b-metric, partial metric, dislocated metric,
dislocated quasi-metric, b-dislocated quasi-metric has
received much attention (see, for instance [2-20]. P.
Hitzler and A. K. Seda [10] gave a modified version of the
Banach contraction principle in dislocated metric spaces.
Later F. M. Zeyada et al generalized that in dislocated
quasi-metric space. Subsequently, several authors have
studied the problem of existence and uniqueness of a fixed
point for mappings satisfying different contractive
conditions.

The purpose of this paper is to study the existence of a
common fixed point for one and two pairs of mappings
wich satisfy the E. A. Like and the common E. A. Like
property in the framework of dislocated and dislocated
quasi-metric space, extending some existing results.

2. Preliminaries

Definition 2.1 [10] Let X be a non-empty and let

d: XxX —>R" be a function, called a distance function
if for all x,y,z e X, satisfies:

dy:d(x,x)=0
dy:d(x,y)=d(y,x)=0=>x=y
dy :d(x,y) =d(y,x)
dy:d(x,y)<d(x,z)+d(z,y) .

If d satisfies the condition dj —d,, then d is called a
metric on X. If d satisfies conditions d,, d5 and dj it is

called a dislocated metric (or simply d-metric). If d
satisfies only d, and d, then d is called a dislocated

quasi-metric (or simply dg-metric) on X. A nonempty set
X with dg-metric d, i. e., (X,d) is called a dislocated
quasi-metric space.

Definition 2.2 [10] A sequence (x, ) in ad -metric space

(X ,d) is called a Cauchy sequence if for all €>0,

3ny € N such that Vm,n > ny , we have d(x

maXn) <E.

Definition 2.3 [10] A sequence (x,) ind -metric space

converges with respect to d , if there exists x € X , such
that lim d(x,,x)=0.

n—>0

In this case x is called a d-limit of (x,,) and we write x,
—X.
Definition 2.4 [10] A d -metric space (X,d) is called
complete if every Cauchy sequence in it is convergent
with respect to d .
Definition 2.5 [10] Let (X,d) be a d-metric space. A
mapping 7 : X — X is called contraction if there exists a
number 0 <A<1 such that d(7x,Ty)< Ad(x,y) for all
x,yeX.

Lemma 2.6 [10] Let (X,d) be a d-metric space. If

T:X — X is a contraction function, then 7" (x,) is a
Cauchy sequence for each xy € X .

Lemma 2.7 [10] Limits in a d-metric space are unique.
Theorem 2.8 [10] Let (X ,d) be complete d-metric space

and let 7: X — X be a contraction mapping then, 7" has a
unique fixed point.
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Definition 2.9 [5] Let F and S be mappings from a
dislocated metric space (X,d) into itself. Then, F and
S are said to be weakly compatible if they commute at
their  coincidence point; that is Fx=Sx for
some x € X implies SFx = FSx.

The definitions of K. Wadhwa et al [21] can be adopt in
dislocated metric spaces as in following.
Definition 2.10 Let S and 7 be two self-mappings of a

We say that F and

S satisfy the property E. A. if there exists a sequence
(x,,) such that

dislocated metric space (X.d) .

lim Sx,, = lim Tx, =¢ forsome ¢ e X.
n—>0 n—>0

Definition 2.11 Let S,7,F and G are self-mappings of a
dislocated metric space (X,d) . The pairs (S,F) and
(T,G) satisfy Common E. A. property, if there exists two

sequences (x,, ) and (y, )in X such that

lim Sx, = lim Fx, = lim Gy, = lim Ty, =t
n—»0 n—»> n—»0 n—o

for some t € X.

Definition 2.12 Let S and 7 be two self-mappings of a
We say that S and

T satisfy the E. A. Like property if there exists a sequence
(x,,) such that

dislocated metric space (X,d) .

lim Sx, = lim Tx, =¢
n—>0 n—>0

for someze S(X)orteT(X),
LeteS(X)uT(X).
Definition 2.13 Let S,7,F and G are self-mappings of a
The pairs (S,F) and
(T,G) satisfy Common E. A. Like property, if there

dislocated metric space (X,d) .

exists two sequences (x,, ) and (, )in X such that

lim Sx, = lim Fx, = lim Gy, = lim Ty, =¢
n—>0 n—>0 n—»0 n—»0

where 1€ F(X)NG(X)or 1eS(X)NT(X).

3. Main Result

Theorem 3.1 Let (X,d) be a complete dislocated quasi-

metric space and f,g:X — X are two self maps
satisfying the conditions:

G.0) d(fi, fr)<ad(fr.gv)+pd (g, fy)+rd(gx.gv)
+8d gy, fy)+nd (gx, )
for all x,ye X , where the constants «,f,y,0,n are
nonnegativeand 0 <a+f+y+0+n <%
(3.2) f and g satisfy E. A. Like Property
(3.3) f and g are weakly compatible

forallx,y e X , and 0Sa+,8+7/+5+77<%.

Then f and g have a unique common fixed point in X .
Proof: Since f and g satisfy the E. A. Like Property

therefore exists a sequence (x,) in X such that

lim fx, = lim gx, =te f(X)org(X).
n—»0

n—0

Assume that lim fx, =¢ e g(X). Therefore, s = gu for
n—>©0

someu € X .
From condition (3.1) we have:

d(fu, fi,) < ad ( fit, g5, )+ Bd (gu. fr,)
+;/d(gu,gxn)+5d(gxn,fxn)+77d(gu,fu)
Taking limitn — o0 , we get
d( fu,t) < ad( fu,t)+ pd(t,1)+yd(t,t)
+6d (1,t)+nd (¢, fu)
<(a+pB+y+5)d(fur)
+(B+y+S+n)d (1, fu)
As aresult we have

B+y+o+n
1-(a+p+y+6)

d(fu,t) < d(t, fu) (1)

Again from 3.1 have:
d(fiy, fur) < ad ( iy, gu)+ B (g%, fur)
+7/d(gxn,gu)+5d(gu,fu)+77d(gxn,fxn)

Taking limit n — o we get

d(t, fu) < ad(t,t)+ Bd(t, fu)+yd(t,1)
+6d (¢, fu)+nd (t,t)
S(a+[;’+y+5+n)d(l,fu)
+(a+7/+77)d(fu,t)

From this inequality have

at+y+n

l—(a+p+y+5+n)

d(t, fu) < d( fu,t). (2)

p+y+o+n
1—(a+p+y+6)

Putting ¢ =max{cj,c,} where ¢ =

a+y+n
l1-(a+p+y+5+n)’

and ¢, =

Using (1) and (2) we get d(fu,t)ﬁczd(fu,t), S0
d( fu,t)=0 since 0<c<1.
In the same way by (2) and (1) we getd (7, fu) =0

Therefore d (¢, fu) = d ( fu,t) =0 implies fu =1t .
The weak compatibility of f and g implies that,
St = feu=gfu=gt

Let we show that#is a common fixed point of f .
According to the condition3.1, consider:

d(fi, foy) < ad (fi, g, )+ Bd (gt, fy)
+}/d(gt,gxn )+5d(gxn,fxn )+77d(gt,ﬁ)
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Taking limit » — oo get

d(ft.t)<ad(fi,t)+pd( fi,t)+yd(ft1)
+6d (1,0)+nd (ft, ft)
<(a+B+y+5+n)d(fi,t)+(5+n)d(1, 1)

Further we have:

o+n
1-(a+B+y+5+n)

d(fi.t)< d(1, ft) 3

In the same way from condition 3.1 have:

o+1n
1-(a+p+y+5+n)

d(t, ft) < d(fi,t) (4)

Inequality (3) and (4) implies d(ft,1)=0 , since
0£a+ﬁ+7+5+7y<%.

In the same way by 3.1 we getd(z,ft)=0. So by
property of dislocated quasi-metric comes ff{ =¢, and as a
result ft = gt =t . Hence, ¢ is a common fixed point of f
and g .

Uniqueness. Let ¢ # ¢, be two common fixed points of the

mappings f and g . Then from (3.1) we have:

d(tn)=d(fi.fy)
<ad(ft,gn)+pd(gt, fy)+rd (gt gh)
+5d(gt1,gt1)+77d(gt,gt)
=ad(t,t)+ pd(t,0)+yd (t,1)
+0d (n,4)+nd (1,1)
<(a+B+y+5+n)d(t,n)+(5+n)d(1,1)

e o+n
hich lies d(t,t)< d(t,t).
which implies d(z,1,) T Py (#.7)
In the same as above have
d(f,t)< o+n d(t,n)

I—(a+p+y+5+n)
These show that d(7,5)=0 .
d(t,t)=0.Fromd(t,;)=d(f,t)=0we get,t =1, .

Hence the proof is complete.
The following example illustrates our theorem.

Example 3.2 Let X = R". Define d : X x X —[0,0) by

In the same way

d(x,y):x+2y forall x,ye X.
1 1
And define fx = §X; gx =Zx for allx € X , and for the
1
sequence x,, =—, n € N , have
n

lim fx, = li_r)riogxn =Oef(X)ug(X).
n

n—>0

We observe that (R+,d ) is a dislocated quasi-metric space,

f and g satisfy the E. A. Like property and are weakly
compatible.

11 1
d —d| Zx,—y|==(x+2
(. ) (5 ,Syj S(x+2y)
11 11
d(fx,gy)—d(gx,zyj—gﬂgy
11 1 2
d =d| —x,—y|=2x+Z
(gx. fv) [4x,5yj VRarts
d(gx )—d(lxl ]—l(ﬂz)
gagy - 4 74y _4 y
11 1 2
d(gv, f)=d| —y.~y |=—yp+=
(g0, 1) (4y5yj YRS
d(gx,ﬁc):d(%x,%xj:%x—i-%x

:ad(fx,gy)+ﬂd(gx,fj/)+j/d(gx,gy)
+5d(gy,fj/)+77d(gx,ﬁc)
1 1 1
fora:é':n:a,ﬁza,yzz
1

11
and 0<ag+fB+y+0+n=—<—.
Py g 24 2

All conditions of theorem 3.1 are satisfied. Thus O is the
unique common fixed point of f and g .

Theorem 3.3 Let (X,d) be a dislocated quasi-metric

space and f,g: X = X gare self mappings, satisfying the
conditions:

d(fe, fr)<ald(fi,gy)+d(gx. )]
+B[d(fr.gv)+d(gx.gv)]
+7[d(gx. i) +d(gv.2v)]

(3.3.1)

forallx,y e X, and 0Sa+ﬂ+7/<%.

(3.3.2) f and g satisfy the E. A. Like property,

(3.3.3) f and g are weakly compatible

Then f and g have a unique common fixed point in X .
Proof: Since f and g satisfy the E. A. Like Property

therefore exists a sequence (x,) in X such that
lim fx, = lim gx, =ze f(X)org(X).
n—0 n—>®0

Assume that lim fx, =z e g(X) . Therefore, z = gu

n—>0
for someu € X .
From condition (3.3.1) we have:

d( fu, fx,) < a|d(fi,gx,)+d(gu, f,)]
+p[d( fu, gx, ) +d(gu, gx, )]
+y[d(gu, f,)+d(gu,gx,)]
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Taking limit as n — o, we get

d( fu,z) < a[d(fu,z)+d(z,z)]
+B[d(fu,z)+d(z.z)]
+}/[d(z,z)+ d(z,z)]
=(a+pB+2y)d(z,z)+(a+p)d( fu,z)
<(2a+28+2y)d( fu,z)
+(a+p+2y)d(z, fu)
From this inequality have

a+f+2y
1-(2a+28+2y)

d(fu,z)S d(z,fu). 3

In the same way from condition (3.3.1) have

d(fu,z). 4)

a+2p+y

d(zfu)s 1-(2a+28+2y)

By (3) and (4) we get d( fu,z)=d(z, fu)=0 since

0£a+ﬁ+7<%.
By property d, have fu =z . Hence fit = gu =z . Using
the weak compatibility we get fz = gz .
Let we show that fz = z . Again consider:
d(fe. fin) Sa[d(fe.gn, ) +d (g2 fr,) ]
+[)’[d(fz gxn +d gz ax, ]
+7/[d(gz fxn +d gz gx, }
Taking limit as n — o, we get
d(fe.z)<ald(fe.z)+d(f.z)]
+B[d(fz.z)+d(fz.2)]
+;/[d fez)+d(fz,z )}
<(2a+2B+2y)d(fz,2)

N

From this have d(fz,z)=0 since OSa+,B+7<%,

and again considering d ( fx,,z) have d(z, fz)=0

Therefore d(fz,z)=d(z, fz)=0= fz=z
So fz=z=gz . Hence, z is a common fixed point of
fandg.

Uniqueness. Clearly, as in theorem 3.1 we can show that
fixed point is unique.

Theorem 3.4 Let (X

and S,7,F and G are self mappings satisfying the
conditions:
d(Sx,Ty)Skld(Fx,Gy)+k2d(Fx,Sx)

3.4.1
( ) +k3d(Gy, Ty)+k4d(Fx, Ty)+k5d(Gy,Sx)

for all x,y € X , where the constants ky,k,,k3,ky,ks are

,d ) be a dislocated metric space

nonnegative and 0 <k +ky + k3 +ky + k5 < % .

(3.4.2) The pairs(S,F) and (7,G
A. Like property,

) satisfy common E.

(3.4.3) The pairs (S,F) and (7,G) are weakly
compatible

Then F,G,S, and T have a unique common fixed
point in X .
Proof. Since (S,F) and (T,G) satisfy common E. A.
Like property therefore there exists two sequences
(x,)and (y,)in X such that

lim Sx, = lim Fx, = lim Gy, = lim Ty, =z , where
n—0 n—0 n—o n—

ZeF(X)mG(X)orzeS(X)mT(X).
If we assume thatz € F (X )G (X ), we have

lim Sx, =zeF(X)then z=Fu forsomeue X .
Nn—»0

Now, claim that Su = Fu ,
have

d(Su,Ty, )< kd (Fu,Gy, )+ kyd (Fu,Su)
+k3d(Gyn,Tyn)+k4d(Fu,Tyn)+k5d(Gyn,Su)

from condition (3.4.1) we

Taking limitn — o , we get
d(Su,z) < kld(z,z)+ k2d(z,Su)+k3d(z,z)
+k4d(z,z)+k5d(z, Su)
<(2ky + ko +2k3 + 2k + ks ) d (Su, z)

From this inequality and since
1

0<kj +hky +hky+ky +ks <5 get  d(Su,z)=0
Since X is dislocated metric space, get Su=z .
Hence Su = Fu =z (1).

Again  lim Ty, =zeG(X) , then z=Gv for

n—»0

someve X .

In the same way as above and using the same condition
we show that Tv=Gv=z (2). And by the weak

compatibility ~ of  the  pair (S,F) obtain

Sz=S8Fu=FSu=Fz.
Let we show now that Sz ==z .
d(Sz,Ty,) < kid (Fz,Gy, )+ kyd (Fz,5z)
+hzd (Gyn,Tyn )+ k4d(Fz,Tyn )+ ksd (Gyn ,Sz)
And taking limit n — o, we get
d(Sz,z) < kld(Sz,z)+k2d(Sz, Sz)+k3d(z,z)
+k4d(Sz,z)+k5d(z, Sz)
(ky +2ky +2k3 + kg +2ks ) d (Sz,z)

This implies d(Sz,z)=0 since

0<ky+ky+hksy+ky+ks <% . And since X is dislocated

metric space have Sz =z ,s0 Sz=Fz=z(3).
From (2) and the weak compatibility of the
pair(T ,G) get Gz = Tz (4). By condition (3.4.1) consider:
d(Sx,,Tz) < kyd (Fx,,Gz)+ kod (Fx,, Sx,,)
+hzd (GZ,TZ) + k4d(Fxn ,Tz) + ksd (GZ,an )

as n — oo ,we get
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d(z,Tz) < kld(z,Tz)+k2d(z,z)+k3d(Tz,Tz)
+k4d(z,Tz)+k5d(Tz,z)

This impliesd (z,7z) = 0. Since X is dislocated metric

space and from (4) have 7z =z = Gz (5).
Thus by (3) and (5) z is a common fixed point of
S, T,F and G.

Uniqueness. Suppose that z # z; are two common fixed
points of S,7,F and G . Then from (3.4.1) we have:
d(z,zl ) = d(Sz,Tzl)
< kld(Fz, Gz, )+ kyd (FZ,SZ) + k3d(Gzl , 1z )
+k4d(Fz,Tzl)+k5d(Gzl,Sz)
=lkyd(z,2))+kod (z,2)+ k3d (21, 7))
+hyd (2,21 ) +ksd (z1,2)
< (ky +2ky +2ky + kg +ks)d(z,2))
which d(z,zl ) =0

implies since

OSk1+k2+k3+k4+k5 <% . Thus z=2 and z is the

unique common fixed point of S,7,F and G .

Example 3.5 Let X =[0,1] and d(x,y)=x+y for
all x,y € X .Then the pair (X,d) is a dislocated metric
space. We define the functions S,7, F and G as follows:

szi,zex,Sx:i,szf.
2 12 6

The pairs (S,F) and (T,G) satisfy common E. A. Like

property and are weakly compatible. We have,

1 1
atssm)=d( 5 )-5{5+ )< 4{5+)
= %d(Fx, Gy)

< kyd (Fx,Gy)+kyd (Fx,Sx)+ k3d (Gy,Ty)
+kyd (Fx,Ty)+ ksd (Gy, Sx)

where the constants kj,k,, k3, k4, ks are nonnegative and
1
0<ky+ky+hks+hky+ks <E'

Thus all conditions of theorem are satisfying and 0 is
the unique common fixed point of S,7,F and G.

Corollary 3.6 Let (X,d) be a dislocated metric space
and 7,F and G are self mappings satisfying the
conditions:

d(Tx, Ty) <lkd (Fx, Gy) +kyd (Fx, Tx)

3.6.1
( ) +k3d(Gy,Ty)+k4d(Fx,Ty)+k5d(Gy,Tx)

forallx,ye X ,and 0<ky +ky + k3 +ky + k5 <%.

(3.6.2) The pairs (T, F) and (T,G) satisfy common E.
A. Like property,
(3.6.3) The pairs (T,F) and (7,G) are weakly

compatible

Then F,G and T have a unique common fixed point
inX.
Proof. This theorem is taken as corollary of theorem 3.4 if
we takeinit S=T .

Corollary 3.7 Let (X ,d ) be a dislocated metric space
and S,7,F and G are self mappings satisfying the

conditions:

3.7.1) d(Sx,Ty)§k|:d(Fx’G)’)+d(Fx,Sx) :|

+d(Gy,Ty)+d(Fx,Ty)+d(Gy,Sx)
forallx,y e X, and 0£k<%.

(3.7.2) The pairs (S, F) and (T,G) satisfy common E. A.

Like property,

(3.7.3) The pairs (S,F) and (T,G) are weakly

compatible

Then F,G,S, and T have a unique common fixed point

nX.

Proof. If in theorem 3.4 we take k) =k, = k3 =ky = ks we

obtain above corollary (in a Lipschitz form contraction)
Corollary 3.8 Let (X,d) be a dislocated metric space

and S,7,F and G are self mappings satisfying the
conditiong.

(Sx, Ty) < ad(Fx, Gy) + ,B[d(Fx, Sx) + d(Gy, Ty)]

d
3.8.1
(3.8.1) +y[d(Fx,Ty)+d (Gy,Sx)]

forallx,ye X, and 0£a+ﬂ+y<%.

(3.8.2) The pairs (S, F) and (T,G) satisfy common E. A.
Like property,
(3.8.3) The pairs (S,F) and (7,G) are weakly

compatible

Then F,G,S, and T have a unique common fixed
pointin X .

Proof. If in theorem 34 replace:
ky =oa,ky = k3 = B,k4 = ks = y we obtain this corollary
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