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1. Introduction

The quadratic character of the integers -1, 2, 3, and
5 modulo odd primes constitute classical topics in
elementary number theory. These criteria are traditionally
derived from the Law of Quadratic Reciprocity together
with its supplementary laws and occupy a central place in
the theory of quadratic residues. The corresponding results
and their various proofs can be found in many classical
and modern references on number theory.

Classical number theory provides explicit criteria for
determining whether -1, 2, 3, and 5 are quadratic
residues or quadratic non-residues modulo primes.
Although these criteria are well known, their proofs can be
approached from different perspectives, leading to a
variety of techniques and arguments.

Historically, these results emerged gradually from the
development of the theory of quadratic residues in the
works of Euler, Legendre, and Gauss. Euler first studied
special cases of quadratic residues in the 18th century,
particularly in the period 1720-1750, identifying several
concrete instances of quadratic behavior modulo primes.
Later, in the late 18th century (around 1785), Legendre
introduced a systematic treatment of quadratic residues
and the notation of the Legendre symbol notation, laying
the foundation for a more structured theory. The complete
and unified formulation of these criteria was achieved by
Gauss in his Disquisitiones Arithmeticae (1801), where
the Law of Quadratic Reciprocity was proved and earlier
partial results were fully generalized and unified.

The purpose of this paper is to present alternative
elementary proofs of these quadratic-residue criteria. Our
approach relies on elementary techniques from number

theory. In this way, we provide alternative derivations of
several classical results while remaining within an
elementary framework.

Furthermore, we investigate the quadratic character of
the coefficients appearing in the classical representations
of prime numbers by binary quadratic forms. More
precisely, for primes admitting representations of the form

p=a’+b’
and
p=a’+2b?
we determine the quadratic character of the integers a

and b modulo p. These results further illustrate the close

relationship  between quadratic residues and the
representation of primes by quadratic forms.
As is well known, for an odd prime p, there are exactly

P2 quadratic residues and == quadratic non-
residues modulo p. We denote by
Rp={r1,r2,...,rp7,1},

the set of quadratic residues, and by

Np={nl,n2,...,n

b1 f
2

the set of quadratic non-residues modulo p.

We recall the following well-known results in
elementary number theory, which will be used throughout
the paper. These results admit elementary proofs in the
literature, without the use of quadratic characters or the
law of quadratic reciprocity.

Theorem 1.1. [1] The product of two quadratic
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residues, or of two quadratic non-residues, modulo p, is

a quadratic residue, whereas the product of a quadratic
residue and a quadratic non-residue is a quadratic non-
residue.

Theorem 1.2. [2] An odd prime P is expressible as a
sum of two squares if and only if p=1(mod4).

Theorem 1.3. [3] A positive integer n is properly
representable as a sum of two squares if and only if the
prime factors of n are all of the form 4k +1, except for
the prime 2, which may occurs to at most the first power.

Theorem 1.4. [4] For an odd prime P, we have:
(@ p=x*+2y* < p=1,3(mod8s).
(b) p=x*+3y* < p=1(mod6).
(c) p=x*+5y* < p=1,9(mod20).

We conclude this section by presenting the following
two theorems, which will be used in Section 3.

Theorem 1.5. [5] Reciprocity law for Jacobi symbols.
If u and v are positive odd integers with (u, v) =1, then

(™
\ u

Theorem 1.6. [6] (k -th power Residue Criterion) Let
p be a prime and let a e Z be coprime to p. Then a is

a k -th power residue modulo p if and only if

bt
d

ad =1(mod p)

where d =gcd(k, p-1).

2. Main Results

In this section, we present elementary proofs for
determining the quadratic character of the integers -1, 2,
3 and 5 modulo primes. These results are classical in
nature, but our approach provides alternative derivations
based on elementary techniques from number theory,
avoiding the use of the Law of Quadratic Reciprocity.

Theorem 2.1. If p is an odd prime, then

-1} [ 1 if p=1(mod4),
[Fj_{—l if p=3(mod4).

Proof. The proof is divided into two cases.
Case 1. p=1(mod4).
By Theorem 1.2, the prime P can be written as

p=a’+b?,
where 1<a,b < p-1. Then we have
a’ = (-1)-b*(mod p).

Since a’,b? € R, and by Theorem 1.1. the product of two

quadratic residues is a quadratic residue, it follows that

-le Rp & (_—1j=1.

Case 2. p=3(mod4).
From Theorem 1.3 it follows that the congruence

1+ x? =0(mod p)
has no solution. Therefore, for every integer u
u? #-1(mod p) .
Hence, it is clear that
-leN, < [_—1J=—1.
p

Theorem 2.2. If p is an odd prime, then

ORE

Proof. The proof is divided into four cases.
Case 1. p=1(mod8).
By Theorem 2.1, the number -1 is a quadratic residue

modulo P. Now, by Theorem 1.4 (a), the prime P can be
written as

if p=+1(mod8),
if p=+3(mod8).

p=a’+2b’,
where 1<a, b < p-1. Then we have
a’=(-1)-2-b*(mod p).

Since —1,a% b® eR_, and by Theorem 1.1. the product of
two quadratic residues is a quadratic residue modulo p, it

follows that
2¢e Rp = (Ej =1.
p

Case 2. p=3(mod8) .
By Theorem 2.1, the integer —1 is a quadratic non-residue
modulo p. By Theorem 1.4. (a), we have p =a®+2b?,

1<a,b< p-1.From congruence
a’ =(~1)-2-b* (mod p)

since ~1e N, a’,b? eR,, and taking into account that

the product of a quadratic residues with a quadratic non-
residue is a quadratic non-residue modulo p, it follows that

2eN, < {Ejz—l.
p

Case 3. p=5(mod8) .
From Theorem 1.4. (a), it follows that the congruence

2+ x> =0(mod p)
has no solution. Then, for every x € Z , we obtain

x> £ —2(mod p) .
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Thus, we have —2e N . Since -2=(-1)-2, -1e R, and

the product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo p, it follows

that
2¢e Np = (Ejz—l.
p

Case 4. p=7(mod8).
In the same way as in the case 3, we prove that —2€ N,

Since —2=(-1)-2, -1eN, and the product of two
quadratic non-residue is a quadratic residue modulo P, it

follows that
2¢ Rp = [Ej =1.
p

Theorem 2.3. If p is an odd prime, then

3) [ 1 if p=£1(modl2),
p) |-1 if p=45(mod12).

Proof. The proof is divided into four cases.

Case 1. p=1(mod12) .

By Theorem 1.4. (b) the prime p can be written as
p=a’+30°,

where 1<a,b < p-1. Then we have

a’ =(-1)-3-b*(mod p) .

From Theorem 2.1. we obtain 1€ R, . Since a°,b” e R

and by Theorem 1.1. the product of two quadratic residues
is a quadratic residue modulo p, it follows that

3€Rp & [ijzl.
p

Case 2. p=5(mod12),
From Theorem 1.4. (b), it follows that the congruence

3+x* =0(mod p)

’

has no solution. Then, for every x € Z , we obtain

x> #-3(mod p)

Thus, we have —3€ N, . Since -3=(-1)-3, -1 R, and

the product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo P, it follows

that
3eN, < (ijz—l-
p

Case 3. p=7(mod12) .
In the same way as in part (a), we have p=a’+3b’,
1<a,b<p-1and
a’ = (-1)-3-b*(mod p)
Since

From Theorem 2.1. we obtain —l1e N,

a’,b’eR, and by Theorem 1.1. the product of a

quadratic residues with a quadratic non-residue is a
quadratic non-residue modulo P, it follows that

3eN, & (Ej:—l-
p

Case 4. p=11(mod12) .
In the same way as in part (b), for every x € Z , we have

x* #-3(mod p)
Thus, —3€ N, . Now, since -3=(-1)-3, -1e N and

the product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo P, it follows

that
3e Rp P (ij:l-
p

Theorem 2.4. If P isan odd prime, then

5) |1 p=%l(mod5),
p) |-1 p=+2(mod5).

Proof. The odd prime p #5 may take one of the forms
p=+1,£3,+£7,+9(mod 20)

The proof is divided into four cases.
Casel. p=1,9(mod20).

By Theorem 2.1, the number -1 is a quadratic residue
modulo p. Now, by Theorem 1.4. (c), the prime p can

be written as
p=a’+5b*
where 1<a,b < p-1. Then we have
a’ = (~1)-5-b* (mod p)

Since —1,a% b® eR_, and by Theorem 1.1. the product of
two quadratic residues is a quadratic residue modulo P, it

follows that
5eR, < (Ejzl-
p

Case 2. p=13,17(mod 20).
By Theorem 2.1, we have 1€ R, . From Theorem 1.4.
(c), it follows that the congruence
5+x*=0(mod p),
has no solution. Then, for every x € Z , we obtain
x* #-5(mod p) .
Thus, we have -5e N . Since -5=(-1)-5, -1e R, and

the product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo p, it follows

that
5¢ Np = (Ej=—1.
p
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Case 3. p=11,19(mod 20) .

By Theorem 2.1, we have -1 R . From Theorem 1.4.
(c), it follows that for every xeZ , x*#-5(mod p) ,
from which we obtain -5e N . Since -5=(-1)-5,
-1eR, and the product of a quadratic residue and a

quadratic non-residue is a quadratic non-residue modulo
p, it follows that

5€ Np = [Ej=—1.
p

Case 4. p=3,7(mod20).
By Theorem 2.1, we have ~1e N . From Theorem 1.4.

(c), it follows that for every x e Z, x* #-5(mod p) , that
is -5e N, . Since -5=(-1)-5, -1e N, and the product

of two quadratic non-residue is a quadratic residue modulo
p, it follows that

5¢ Rp & (Ejzl.
p

Example 2.5. Let be the prime 241.
The quadratic character of —1 modulo 241. We have

241=60-4+1=1(mod4)
and
241=15% + 42,

~1eR,, < (_1j=1.

It follows that

241
The quadratic character of 2 modulo 241. We have
241=30-8+1=1(mod8)
and
241=13*+2-6°.
It follows that

2
2€R241 = (mj=l

The quadratic character of 3 modulo 241. We have
241=40-6+1=1(mod 6)
and
241=77+3-8%.

)

The quadratic character of 5 modulo 241. We have
241=12-20+1=1(mod 20)

It follows that

3eR,y,

and
41=14% +5.3%.

It follows that

SeR,,

BN

3. Quadratic Character of the Number a
and b for Primes of the form a® + b®
and a® + 2b?

In this section, we determine the quadratic character of
the natural numbers a and b in the representations of
primes of the forms

p=a’+b’
and
p=a’+2b*.
Theorem 3.1. Let p be a prime with p=1(mod4),
and let a,be N suchthat p=a”+b?. Then
(@) If p=1(mod8),then a,beR,.
(b) If p=5(mod8), then the integers @ and b have
different quadratic characters modulo P.
Proof. Since p=a’+b’, we have
2ab+p=(a+h)*,
from which we obtain
2ab = (a+b)? (mod p) .
Thus, the number 2ab is a quadratic residue modulo p.

(@ p=1(mod8). From Theorem 2.2. we have 2eR, .

Since the product of two quadratic residues is a quadratic
residue modulo p, it follows that abe R, .

It is clear that the integers a and b have different parity.
Without loss of generality, suppose that a is odd. Since

p=a’+b® and (a, p) =1, we have
p=b’(moda),

which shows that

Based on Theorem 1.5, we have

a p

from which it follows that

g

Finally, since ae R, and abe R, , it follows that be R,.
(b) p=5(mod8) . From Theorem 2.2. we have 2e N, .
Since 2abe R, and the product of a quadratic residue
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with a quadratic non-residue is a quadratic non-residue, it
follows that ab e N, . Now, it is clear that the integers a

and b have different quadratic characters modulo p.

Example 3.2. For the prime 17 =1(mod8), we are in
the setting of Theorem 3.1 (a). We have

17 =1% +42,
and also
1,4eR,={1,2,4,8,9,15,16}.
For the prime 13=5(mod8) , we are in the setting of
Theorem 3.1 (b). We have
13=22+3?,
and also
3eR, ={1,3,4,9,10,12},
and
2eN,={2,5,6,7,8,11}.
Theorem 3.3. Let p be a prime with p=1(mod8) and
let a,beN suchthat p=a’+2b°. Then

@@ If [Ej =1,then a,beR,.
P4

(b) If (E) =-1,then ae N, and beR,.
P/

Proof. We first show that b € R, . Taking into account that,
by Theorem 2.2, 2eR_, in order to prove that b is a

quadratic residue, it suffices to prove that every odd prime
divisor q of b is a quadratic residue modulo p. Since

p=a’+2b°,
it follows that
p=a’(modq).

Thus, p is a quadratic residue modulo q, so

be

Now, since p=1(mod8), we also have p=1(mod4) and
by the Law of Quadratic Reciprocity, we obtain

({35

Thus, the odd prime g is a quadratic residue modulo p.
Finally, since the product of quadratic residues is again a
quadratic residue, it follows that b is a quadratic residue
modulo p.

By Theorem 2.2, we have 2 € R, . It follows that, there
exists an integer u such that u®=2(mod p) . Since
p=a’+2b”, we have

p+2uab = a’ +u’b® +2uab = (a+ub)’,
from which we obtain
2uab = (a+ub)® (mod p) .
This shows that 2uab e R . Since 2 € R, , it follows that

u~abeRp.

@ If {Ej =1, then, 2 is a quartic residue modulo p.
PJs

Hence, u is a quadratic residue modulo p. Thus, since
ueR; and be R, itfollows that ae R, .

(b) If [%) =-1, then, 2 is a quartic non-residue
4

modulo p. Hence, u is a quadratic non-residue modulo

p. Thus, from ueN, and beR_ , it follows that

p i)
aeN,.

Note. Following lIreland and Rosen [7], the quartic
residue character of integer 2 modulo an odd prime p
can be characterized in terms of representations of p by
the quadratic form x> +64y> . More precisely, 2 is a

quartic residue modulo p if and only if

p=x*+64y°

o

in Theorem 3.3. which shows that the number 2 is a
fourth power residue modulo p, can be replaced by the

condition stated above.
Let now p be a prime with p=3(mod8) and let

a,beN such that p=a®+2b°. As illustrated by the

following example, the integers a and b may occur in
any of the following four cases:

(a,b)eR,xR,,

for some integers x, y.
Thus, the condition

(a,b)eR,xN_,
(a,b)eN xR,
(@a,b)e N xN_.
Example 3.4. For the prime 83=3(mod8) we have
83=92+2.1%,

andalso 1,9eR,.
For the prime 43 =3(mod8) we have

43=5%4+2.3%,
andalso 5e R, and 3eR,.
For the prime 691=28-86+3=3(mod8) we have
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691=23"+2.9%,
andalso 23e N, and 9eR,.
For the prime 67 =8-8+3=3(mod8) we have

67=7"+2-3,

andalso 3,7 € Np.

We conclude by giving a theoretical description of the
cases considered above for the integers a and b .
Let us first show that
(__Zj :1'
P/

From Theorems 2.1. and 2.2, we have -1,2¢ Np, from

-t
2

=1(mod p). Let
us denote p =8k +3 for some integer k . We have

which we obtain —2e R, that is (-2)

ged(4, p—1)=gcd(4,8k+2)=2

and

p-1 p-1

(~2)%* D = (_2) 2 =1(mod p) .

Therefore, by Theorem 1.6, -2 is a fourth-power residue
modulo p.

Now, let us denote by v an integer such that
v =-2(mod p).

From the equality p =a”+2b”, we have:

a’ =-2b” =v'b® = (v’b)* (mod p),

from which we obtain
a=v’b(mod p) or a=-v’b(mod p).
If a=v’b(mod p), then for the integers a and b, the
cases a,beR, and a,beN, may occur, since the

product of two quadratic residues is a quadratic residue,
and the product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo p.

If a=-v’b(mod p), then for the integers a and b, the
cases (a,b)eR,xN, and (a,b)e N, xR, may occur,

since product of a quadratic residue and a quadratic non-
residue is a quadratic non-residue modulo p.
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