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Abstract The Jacobi polynomial P,(*”(x) which is obtained from Jacobi differential equation is an orthogonal
polynomial over the interval [-1, 1] with respect to weight function (1-x)“(1+x)”, e>-1, #>-1. Here Jacobi series has
been taken and established a theorem on lower triangular matrix summability of a Jacobi series.
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1. Introduction

The No6rlund summability (N, p,) on Jacobi series has
been studied by a number of researchers like Gupta [4],
Choudhary [3], Thorpe [16], Pandey and Beohar [10],
Prasad and Saxena [11], Beohar and Sharma [1], Pandey
[9], Tripathi et al. [18] and Chandra [14]. After quite a
good amount of work in the ordinary Norlund
summability of Jacobi series at the point x =1, Khare and
Tripathi [5] discussed the generalized Norlund
summability (N, p, q) of Jacobi series. The (N, p, q)
summability reduces to the (N, p,) summability for q, =
1Vn. The Cesaro Summability of Jacobi series has been
studied by Szili &Weisz [15]. The Cesaro Summability,
Norlund Summability, generalized Nérlund Summability
are special cases of The matrix Summability method. In
this paper a more general result than those Gupta [4],
Choudhary [3], Khare and Tripathi [5] has been obtained
so that their results come out as particular cases.

2. Definitions and Notations

Let f (x) be defined in closed interval [-1, 1] such that
the function
A-X)% @+ x)? f (x) e L[-L1]; a >-1, B>-1.

The Jacobi series corresponding to this function is

i a, P,(*#) (x) (2.1)
n=0
:(2n+a+ﬂ+l)1"(n+1)1"(n+a+ﬁ+l)
29" P P (n+a+1) T(n+ f+1)
1
[ a=%%@+x” 1()R“A (x) dx
-1

n

where

and Pn(“'m (x) are Jacobi polynomials.
Let T =(a, ) be an infinite lower triangular matrix

method T satisfying the Silverman- Toeplitz [17]
conditions of regularity i.e.

n
> agk >las noow,
k=0

n
ank=0, fork >nand ) |anyk|$M, where M is a
k=0
finite positive constant.

0
Let > u, be an infinite series whose n " partial sum
n=0
is given by

n
Sp=2. U,.
v=0

The sequence - to - sequence transformation

n
t, = Z an k Sk
k=0

defines the sequence {t,}of matrix means of sequence {s,},
generated by the sequence of coefficient (an ).
If

t, >sas n— o,

o0

then the series Z u, or sequence {s.} is said to be
n=0

summable by matrix method to s. It is denoted by

t, —>s(T) as n— o (Zygumund [19]).

We use the following notations:

F (@) ={f (cosp) - A}[(sin %)Zaﬂ (cos%)zﬂﬂ} (2.2)
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A being fixed constant.

t
)= |Fp)de

o]

_ 1_rl
7 = Integral part of . [(ﬂ]

3. Main Theorem

The purpose of this paper is to establish a theorem
under a very general condition so that it generalizes all the
known results for Norlund summability (N,p,) of Jacobi
series in this direction. In fact, we prove the following:
Theorem: Let T = (a,x) be an infinite lower triangular
regular matrix such that the element (a,x) is positive,

monotonic increasing in k for 0 < k < n,
n
A= D ank, Ayp =1Vn and
k=n-7
a+l
n 2A r;7=0(), 0<d<z as n— oo,
n[3]
If

1 t
f(uy-Aldu=o| ——— | as t—>0 (3.1)
JlreA [f(%)log%] N

then the Jacobi series (2.1) is summable (T) to the sum A
at x = 1 provided &(t) is positive monotonic non-

decreasing function of t such that

1

d Ank
2 20+3 =0\ 21 | (3.2)
a k2 £K)logk \n 2
-3<a<i, B>- 7 andthe antipole condition
1
n o5l
2 _
j t" 2| f(-cost)-Aldt=0(1) asn—wn (3.3)
0
is satisfied.
4. Lemmas

The following lemmas are required for the proof of the
theorem:

Lemma 4.1. (Szego, [13]): If o > -1, B > -1 then as
n—o

P,(*#) (cos )
o(n%) for 0<p<i (4.1.1)
=4 o(n?) for -l<p<n (4.1.2)
_1 cos(Np+v)
n 2k(p) L oW for L<p<r-l (413)
nsing

where

1 a1 _ﬂ_l
k(p)=r 2(sin%) “2 (cos%) 2

a+p+1
2

Lemma 4.2. (Gupta, [4]): The antipole condition (.3.3)
includes

Y :—(a+l)l

N=n+ 57

b 2p-3
j @+x) 4 [f(0)]dx <o,
-1

b fixed, and

(4.2.1)

V4

ﬂ,l
J'(cos%) 2| f(cosp)-Aldp<oo.  (4.2.2)
5

Lemma 4.3 Condition (3.1) is equivalent to

2a+2

t
t
|F(fﬂ)|d¢=0[—
£ é(log

J , as t—0. (4.3.1)

IN

|f (cosg) - A|(5)°“do

Proof:
t
[ |F)|de
0
t
:I | (cosg) - Al (sin%)za+1 (cos%)zml 1)
0
i
0

t
st2“+1_[ |f(cosg)—Aldg
0

_2a+t |t
{5(%)'09%}

[ t20+2 ]
=0 —
£ log?

Conversely

t t
[ |F(@)|dp<t?* ] |f(cosg)-Aldy
0 0

t2a+2 5 +11+t
o ——— |[=t““ f (cosp)—Ald
Z(iog} { | (cosp)-Ade

1
J: [ |f(cosp)-Alde
1-t

t
0[5(%) log™

f t
| |f(u)—A|du:o[—].

e £(logy

Lemma 4.4 If ( a,x) is non-negative and non-decreasing
with 0 <k <n, then, for 0 <a<b< o, 0 <t<mand for any
n,
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=0(A,;) (4.4.1)

where 7 = Integral part of L =[1].
Lemma 4.4 may be proved by the following technique
of Lemma 4.1 in Lal [6].

Lemma 4.5 Under the condition of the theorem on (an ),
for large n, uniformly in0<@ <z, 0<a<b<n,

b a+% a+%

> aggcos{(k+p)p—ryrk 2|=0(n" 2A,,)

k=a

(4.5.1)
where
a+f+2 3
S ye{an e

Proof:

b a+2
> agy cos{(k+p)p—r}k
k=a

a+i b .
=0(n 2)|Real part of > a il(k+p)p—r}

k=a

an’k e'k(ﬂe'(P(l’—V)

Mc’

1
:O(na+2)

=
]
)

ikp

Mcr

a+d
=0(n 2) any e

k

1
2 Ave)

by Abel’s Lemma.
Lemma 4.6 Under the hypothesis of the theorem,

]
5}

:O(na+

“2_0mn"2) (4.6.1)

Proof:

o 1 [n/2] n

Zr:,an,k Zank - >

k [n/2]+l
[/ 2] 1 a- n

a—1
an’k k 2

—O(an[n/Z])Z K2+ o(n 2) D Ak
k=[n/2}+1
1 1

a+§ o 2
=O0(apmj)n 2+0(n <),

n
since D ank=1. Also,

12 >

k=[n/2]+1
above gives the result

an k 22an’[n/2] and putting this in the

n 1 1
Say k“2=0(n""2).
k=1

Lemma 4.7 Let

n
M, () =2a+'8+1 Z an k
k=0

A Pk‘”l'ﬂ (cos @)

where

2P r(nrarpr2) 270
IN'a+1) T'(n+£+1) IN'a+1)

then for —5<a< ,8>—% and if a,  satisfies the
hypothesis of the theorem,

My (@)
0O(n?%*2) for 0O<p<i (47.1)
o(n+F/+h for -l<p<z (47.2)
ard R
ZAh (sin 2y " 2
0 1
= _ﬂ_f
LA
(cosz)
1 -
n” 2 (sin%) “2
+0 ; for %S;0< 7[-% (4.7.3).
(cos%)fﬂ7

Proof: For 0<¢p <+

n
Mn(p) =O@) Y ayy k***2 by (411)
k=0
n
O (n2a+2) Z an’ "
k=0
— O(n2a+2) An,n
— O(n2a+2)
For —% <p<rw
n
Mn(9) =0@ Y ay  k“*k” by (412)
k=0
n
=0 (1) z an' K ka+ﬂ+l
k=0
n
(na+ﬁ+1)z an,k
k=0
=O(na+ﬁ+1)Aﬂyn
:O(na+ﬁ+1)
For % <p< 7[—%
M, ()
. 2—(a+ﬂ+1) ol
M T+
=0()2*HFH Y 1 cos(Ng +v)
Ok k), oW
ksing
by(4.]_3)
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a+%— P 7&7% oy -3
n a,k kK 2(sin3) (cos%)
=o(1)k§ ‘ ? 0(1)2
|:C0${(k+p)(p—}/}+mi|
_ﬁ_%

in® ‘“‘% 9
=0 (smf) (cosE)

sl

n
> ay gcos{(k+p)p-y}k 2
k=0

a2
sin%) 2 | ol
+0 _ﬂ_3 Z an’ k k 2
2 |k=0
(cos ) 2
by Lemma 4.5& 4.6

1
a+l A _a_§ _18_7
=0|n 2A, (sin%) 2 (cos?)

1 4B -p-3
o|n” 2 (sin%) “2 (cos%)

5. Proof of the Theorem

Following the Obrechkoff [8], the n™ partial sum of the
Jacobi series (2.1) at the point x =1 is given by

. 2p+1
7 ?\20+1 [
Sn (1) :20!+ﬂ+1j‘ (Slnf) (COS?)

0 f (cosg) 8}1 (2, cos )

do,

where S}] (d,cosg) denotes the nth partial sum of the
series

R R (cos p)

m 9m
where

~ 29 P r(n+a+1)T(n+ f+1)
C@n+a+B+)I(+)C(N+a+B+1)’

Im

Rau [12] has shown that
Sy (1,008 9) = 2, R{* 1A (cos ).
Therefore

S, (1)~ A
2p+1
"(sin%)z"‘+1 (cos%) /"

:2a+ﬂ+1/1n d@

o( f(cosg)—A) P+ A) (cos p)

T
=27, [F o) R* P (eos ) dop,
0

where A, is defined as in Lemma 4.7

The matrix mean of the Jacobi series (2.1) at x =1, is
given by

ty = Z an k Sk (1)

k=0

n

> ank(Sk@®-A)

k=0

t,— A

T
= [ Fle)M(p)do.
0
In order to prove the theorem, we have to show that

Il =| Fp)M(p)dp=0(1) asn — .

Oy

Let us denotes

s T e
[+ [+ ] |Flo)Mu(p)de
1 5

L
n

21
n

= (5.1)

O —5

:I1+|2+|3+|4 say,

d being a suitable constant.

1
n

= [ Flp)M(p)de
(o]

1
n

[|=] |[F@]om?**?)de
0

=0(n***?)[ |F(p)| do

O~

— 0(n2**?)0 ( %
n £(n)logn
asn — oo,
(5.2)
In order of to estimate 1,, we employ the asymptotic

relation given in 4.7.3),
thus

J,by Lemma 4.3,

=0()

S5

1 _g-3
I, = O| [|F(p)n" "2 A, (sin%) 2
1

n

g al g5
+0 j|F(¢)|n 2(sin%) 2 (5.3)
1
= |2.1+|2.2, Say.

Now, for I, 4, given €> 0 choose & such that if 0 <t <,
then

200+2

t
t
Y(t)=||F(p)d —.
® £| (v) ¢|<e§(%)log%



46 American Journal of Mathematical Analysis

1Y) 2 |F(p)| A |
Iy :O[na+2] | [F@NAne S do . m T2
Lo, 1| M4 éMlogx
n 4 a+ £
- 51 ] =0(n" 2)e| > 5 ;
k=n-m —aq-3
-1 k+1 a5
Anz' ] X
— ¥ + Ak
1 ¢a+% (o) 1 I kgn:ﬂ  E()logx .
—o|n“"2 n (5.4) [ a3 3]
| A A
S =0(n )| ——+ LT S
B I‘P(w) q An,rg Em)logm | = &(k)logk
.3 L
" 02 el a1
- - - 2 2
O T =0(n 2)e O(n ), by(3.2)
a ' = o(1) asn — .
We have, I,
Now, for Iy,
a+l n[%}
l1.1=0(n" 2)¥(3) 3 o 1
52 io,=00" 2 2) f | An[x]|
1 1 §(x)log x
a+% §a+§ 5
<O(n 2)e — 1 1
Zdylogt n[4] (6.5 NP R
R
arl 573 e £()logk
=O(n '\ 1 )«9 I a1 a1 T
. [3} ‘f(g) Iogg Z A kK 2 _(k+D) 2
=o(l)asn — . S M e logk e(k+ D) log(k +1)
Again, for I, .
a+l (n+1) K
16 =0(n 2)el+A, —————
Iy o= O(na+2)j|‘{f(¢)| d Anfg E(n+1) Iog(nrl)
a+s g1
0 g 2 A (m+1) 2
1 6 2a+2 ™ E(m+1)log(m +1)
<om”"2)e[ -2 g ns i |
16600, | | o3 by Abel's L
L2370 o y Abel's Lemma
and using the change of variables x:%, we get =0(l) asn > (5.8)
(‘assuming that 8< 1), Collecting (5.3) — (5.8), we get
asl N 202 | I, =0(1) asn — . (5.9)
=0(n Z)ej—d X 2 Ay o
1 £(x)log x : Considering I3, we have
g P | | a+l
T n F(p)| Ay n 2
3 i
faE, = | e
T X S ] a+s
. |1¢()log xA”'[X] (sin%)" 2 (cos %)
ats_ |5
=0(n 2)¢ -1 a-1
2 (5.6) N I” Foln 24,
+] £(x)log x|d A"'[X]| 5 a+d 3
1 (sin%) 2 (cos%)
= 2121+ l2122 ol 71 |f (cosp) - A
1 =O[“ ZA T J | p-L do
If m is the integerswithmsgsmﬂ,then ”’[E] 5 (cos%) 2cos%
*a*% a0 1

“+g T X +O(na_%) [ f(cosp) A|(cos¢’)ﬁ_§ d

Ir121=0(N 2)e| ——Ayqdx ?)- o @

2121 1 E0togx A !
5
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a+l a-1
=0|n 2 A r;7|+0(n 2)
n[5]
=o)+0(l) as n— oo,
by the hypothesis of theorem.
=0() asn — oo, (5.10)

Finally, we consider I,

4=0("7 ) [ |F(p)] do

= |f(cosp)—Al
= 0(n**A+y j 2041 2p+1 do,
(sm ) (cos )
T 2 2
taking r7-—g¢=t.
1

n
= O(n“+ﬂ+1)j | f (~cost) - Al t2#* dt
0

1

10 1

=o(n" 2)] |f(—cost)—A|t'B 2 gt
0

=0(l) asn — . by(3.3).

Collecting (5.1), (5.2), (5.9), (5.10) and (5.11) we get

(5.11)

=0(l) asn — .

Thus, theorem is completely established.

6. Applications

The following particular cases are obtained:
(1) The result of Gupta [4] becomes particular case of
our main theorem if,

n
an = p'l‘D‘k where B,=>" pc#0 and &(t)=1vt.

n k=0

(2) The result of Chaudhary [3] becomes particular case
of our theorem if,

Pn—k Fi
ank = and SN U
nk P, c0= tp[t]logt
(3) The result of Khare and Tripathi [5] becomes
particular case of our main theorem if,

Pk %

n
any = where R, =Y py 0 # 0 and &(t) =1vt.

n k=0

7. Conclusion

Cesaro, Norlund, generalized Norlund Summability
methods are the particular cases of matrix Summablity
method. In this paper matrix Summability method taken
with a condition (3.1) on the Jacobi series (2.1) so that
series (2.1) is summable at x=1 to sum A. The result of
Gupta [4], Chaudhary [3] and Khare and Tripathi [5] are
particular cases of my result.
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